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Introduction 


Large systems of individuals interacting with each other and with the 
environment are being studied in life sciences such as biology, chem- 
istry, physics, ecology, genetics, oceanology, as well as in economics, 
social sciences, etc. There exists a great amount of works dedicated to 
the mathematical theory of such objects characterized by the level of 
sophistication that varies from simple heuristic modeling to advanced 
approaches based on the use of deep real-world models supported by 
appropriate numerical methods and computer simulation techniques 
[9,10]. Among the most important issues studied in these works are 
various aspects of the time evolution of such systems. The aim of the 
present thesis is to contribute to the development of the dynamical the- 
ory of infinite particle systems undergoing fragmentation. First the- 
oretical works on coagulation-fragmentation processes can be traced 
back to works by Marian Smoluchowski appeared at the beginning 
of the XX century. Such processes are considered, see [6], as basic 
acts of nature, which points to the great importance of their mathe- 
matical theory. Fragmentation can also be interpreted as branching, 
cf. [12], the first works on which go back to the Galton-Watson the- 
ory of the extinction of families [27]. Their modern development is 
mostly conducted in the framework of the theory of stochastic pro- 
cesses [21, Chapt. 4], among which one can distinguish works [13, 14] 
on branching in particle systems. 

Studying branching in particle systems is usually restricted to those 
dwelling in a compact habitat [21, Chapt. 4], or to finite particle sys- 
tems [13,14]. As mentioned above, this work is dedicated to studying 
infinite particle systems, which seems to be the first instance of the 
theory of this kind. Namely, the following two models are introduced 
and studied. In the first model, [38,39], an infinite population of point 
entities is placed in R¢. Each entity undergoes binary fission with dis- 


appearance afterward. It is also subject to a random death caused by 
crowding — local competition. By this, the particles interact with each 
other. The pure states of the system are locally finite simple config- 
urations y C R? and the general states are probability measures on 
the space [ of all such configurations. This model may be considered 
as a branching version of the Bolker-Pacala model [16,32,34]. In the 
proposed model, an entity, with trait x € R, undergoes the follow- 
ing: (a) independent fission with rate b(z|y1, y2) in the course of which 
the particle gives birth to two new particles with traits y,,y2 € R? 
and disappears afterwards; (b) state-dependent death (disappearance) 
with rate m(x) + Xena Ux — y). When dealing with infinite config- 
urations, one usually imposes a priori restrictions on the properties of 
probability measures modeling states of the system. The main idea of 
this is to pass to considering dynamics on spaces of finite configurations 
by employing so called correlation measures and functions [43]. In this 
work, this is done by introducing sub-Poissonian measures Pexp(T), see 
Definition 1.2.3 below. Then the ultimate goal is to construct the evo- 
lution t +> ut E€ Pexp(T) of this model. The first step in this direction 
is performed by considering its finite version, cf. [37]. Here I apply the 
Thieme-Voigt perturbation technique [50] adapted to our purposes, see 
Section 1.5, to obtain the evolution of states in the Banach space of 
signed measures with finite variation. Thereafter, this construction is 
used to achieve the main result mentioned above. This is done in The- 
orem 2.3.5 and Corollary 2.3.6. A characteristic feature of this result 
is the use of the evolution equations for correlation functions in the 
corresponding L-type Banach spaces. In view of this, the standard 
semigroup methods cannot be directly applied here. To deal with this, 
I construct a certain (sun-dual) Co-semigroup in appropriated Banach 
space, which I use to obtain a family of linear bounded operators acting 
from smaller to bigger spaces, see Lemma 4.1.3, which gives a classi- 
cal solution of the mentioned equation. I demonstrate that the local 
competition — interaction explicitly taken into account — can produce 
a global regulating effect, i.e. by Theorem 2.3.5 the evolution of mea- 
sure is obtained by identifying the measure u, with the solution of the 
evolution correlation functions equation. Moreover, I prove that u is 
the sub-Poissonian state for all t > 0 (continuation), which means that 
the evolution of measures preserves the sub-Poissonicity of the states 
and hence the self-regulation takes place. 


The second model presented in this thesis was introduced and stud- 
ied in [40]. Its preliminary version was introduced in [49]. In contrast 
to the first model, here the particles do not interact with each other, 
however, the basic space where they are placed in is a general locally 
compact Polish space. Each particle produces at random a finite cloud 
of new particles, and disappears afterwards. An infinite system of such 
point particles — an infinite ‘cloud’ — is placed in a locally compact Pol- 
ish space X in such a way that each compact A C X contains only 
finitely many elements of the cloud, but multiple locations of parti- 
cles are possible. Here I also employ probability measures as states 
of the system, the evolution of which is described by the correspond- 
ing Fokker-Planck equation directly, i.e., without calling correlation 
functions. The branching mechanism here is presented by a branch- 
ing (probability) kernel b,(d&), which describes the distribution of off- 
springs (constituting cloud €) of the particle located at x. Models of 
this type (and even much more complex) are well-known [13,14], but 
in the finite-system version. To deal with infinite configurations, simi- 
larly as in the first model I impose a restriction on the support of the 
considered states u € P(T) by imposing a condition on the branch- 
ing kernel. This allows for passing to tempered configurations, the 
set of which, I’, equipped with a certain topology becomes a Polish 
space (Proposition 1.1.4). Then I define the Kolmogorov operator L 
as a closed linear operator with domain D(L) in an appropriate space 
of continuous functions. First important result here is Theorem 3.3.1 
which gives the unique classical solvability of the Kolmogorov equa- 
tion. I obtain the solution by constructing a Co-semigroup generated 
by (L,D(L)). The key step of this is solving a nonlinear evolution 
equation in the space of bounded continuous function on X defined by 
the branching kernel, see Lemma 3.2.2. Thereby, in Theorem 3.3.3, 
I prove the existence and uniqueness of the solution of the Fokker - 
Planck equation. 


Statements similar to Theorems 2.3.5, 3.3.1 and 3.3.3 give a micro- 
scopic description of the dynamics of the system where we take into 
account the traits of each individual particle. To establish the connec- 
tion of such the description with phenomenological theories, i.e. the 
meso- and macroscopic description [5,47,48], we use scaling techniques, 
which is also a subject of the dissertation. I make a comparison of such 
descriptions for fission-death model. I rescaled the interaction between 


entities, cf. [26], and obtain the kinetic equation correspond to fission- 
death model, and also to the Bolker-Pacala-type model, which means 
that only microscopic level give us a fully precise description of the 
considered system. 

The work has the following structure. In Chapter 1 I introduce 
phase space, spaces of functions and measures, and provide informa- 
tion and the analysis in such spaces. I deal with function acting on 
such spaces and present the corresponding evolution equations, like 
Kolmogorov equation and Fokker-Planck equation. At the end of the 
chapter, I add elements of semigroup theory. In Chapters 2 and 3, I 
introduce the fission - death model and the free branching model that 
are the subject of the dissertation and present main results connected 
to these models, including consideration about both finite and infinite 
systems. The final Chapter contains the proofs of the most important 
results of the thesis. 


Chapter 1 


Preliminaries 


In this chapter, I present the main technical aspects of the work and 
comments, in particular, regarding the spaces in which I consider mod- 
els of fragmentation, measures and functions in these spaces and the 
corresponding evolution equations. A detailed description of these as- 
pects can be found in [2, 35,43] and the literature quoted in these 
articles. 


1.1 Configuration spaces 


Simple configurations in R 


The Euclidean space R?, d > 1, is supposed to be equipped with the 
usual norm topology. By B(IR*) we denote the corresponding Borel 
o-field of subsets of R¢. In the approach used in this work the phase 
space is the configuration space, i.e. the set 


T = {7 CR?: ja] < œ for any compact A C R°}, 


where ya := yN A and |- | stands for cardinality. The elements of T 
are called configurations. We associate [ with the subset of the space 
of all positive Radon measures on R? by using the representation 


y= > on, 


“LEY 


where 6, is the Dirac measure centered at x. That is, the atomic 
measure with a single atom at x € R with mass one. For a given 


5 


B € B(R®), it takes values 


b2(B) = Ip(x) = 


1, if x € B, 
0, otherwise, 


where Iz is the indicator of B. Hence, we may equip I’ with a measur- 
able structure, which we do by introducing a topology. Let K be any 
nonempty set and Z = {¢;}ier be a family of maps ¢ : K — R indexed 
by an arbitrary set J. The topology on K induced by Z is the weakest 
topology that makes continuous all the maps ¢;. Let C..(IR®) stand for 
the set of all continuous functions f : R? — R which have compact 
support. For f € C,.(IR7), we define the map 


ie 


rays in= | Fela) = Df 


rey 


Definition 1.1.1. The vague topology on T is the topology induces 
by the family {(f,-): f € Cs RD}. 


By B(T) we then denote the Borel o—field of subsets of I. 

The topology on I admits a metrization, see [36] and [44]. Let 
B,(x) denote the open ball with radius r € Ry and centre x € Rê. 
Then, for any subset A C R? and £ > 0, the neighbourhood of A is 
defined by A® := [J e4 B-(a). For any m, n2 € Po let us first define the 
Prohorov distance d: Po x T'o > R+ by the formula 


d(m, 72) := inf{e > 0: m(A) < m2(A*) +e and m2(A) < m(A*) es 
1.1 


for all closed A € R}. 


Using (1.1), for any 71,72 E T we introduce the metric D on T 


a(ny?.98”) 
1+ dy”, 98”) 


D(", 72) =| e” dr, (1.2) 
0 


where y")(A) = y(A N B,(0)) for all measurable A C R*. Then we 
obtain the following two results. 


Theorem 1.1.2. [44, Theorem 1.1] Let (Yk)ken be a sequence inT and 
y ET. Then the following statements are equivalent: 


(i) Diy, Y) > 0 as k > o0; 


(ii) L f(x\ykldx) > a f(x)y(dx) as k > œ for all bounded con- 


tinuous functions f on R? with compact support; 


(iii) there exists an increasing sequence (Tn)ncn With rn 4 œ as n > 


oo such that (yr, yE) —> 0 as k > œ for alln € N; 


(iv) (A) > 7(A) as k > œ for all bounded sets A € R! such that 
(OA) = 0, where OA is the boundary of A. 


Theorem 1.1.3. [44, Theorem 1.2] The space (T, D) has the proper- 
ties: 


(i) T is a complete and separable metric space (Polish space) when 
it is equipped with the distance function D defined in (1.2). 


(ii) The Borel o—field B(T) is the smallest o— field that makes all 
mappings ®4 : T + NU {co}, A € B(R®%), measurable, where 
Waly) = VA). 


Thereby, (T, B([)) is a standard Borel space. By P(T) we denote 
the set of all probability measures on (T, B(T)). 


Let A be compact. Set Ty = {7 : y C A} and define the following 
sub-field of B(T): 


B(T,) = {ANT s :A E€ B(T)}. 


Hence, (Ta, B(Ta)) is also a standard Borel space. By B4 (T) we denote 
the smallest sub-o-field of B(T) that contains all cylinder events 


Ca={yEr: € A}. (1.3) 
For a compact A, we define the map 
r >71 Na(y) = l € No, 


where No denotes the set of all nonnegative integers. Then B(T) is 
generated by the family of sets 


r^” = {y Er: Na(y) =n}, n € No, A-— compact. (1.4) 


By setting A = Rt in (1.4), we obtain the set T” of all n—point 
configurations and then we define the set of finite configurations by 
the formula a 

To := Jr" € B(T). 
n=0 
Each I” is equipped with the topology related to the Euclidean topol- 
ogy of the underlying space R? and then Tọ € B(T). Hence, the 
(To, B(To)) is a standard Borel space with corresponding Borel o-field 
of subsets of Io coincides with the o-field 


B(To) = {ANTy: A € BID}. 


Multiple configurations in a locally compact Polish space 


In this part, the trait space X is just a locally compact Polish space. 
By C p(X) we denote the set of all continuous and bounded functions 
f : X — R and by CH (X) - the set of positive elements of C,,(X). 
Then by Cg (X) we denote the set of all f € CY (X) which satisfy: (a) 
f(x) > 0 for all x € X; (b) for each € > 0, one finds a compact A, C X 
such that f(a) < € whenever x € X \ Ag. 

As in [43], by a configuration y we mean a finite or countably infi- 
nite, unordered system of points placed in R®, in which several points 
may have the same location. As in the previous case, the set I is 
equipped with the vague (weak-hash) topology — the weakest topology 
that makes continuous all the maps y > )/,<, 9(x), g € Ces(R2). Here 
by writing pe, g(x) we understand `; g(x;:) for a certain enumera- 
tion of the elements of y. Clearly, such sums are independent of the 
enumeration choice, see [43]. In the same sense, we shall understand 


sum of this kind 


TEY LEY\T 


The vague topology is separable and consistent with a complete metric, 
which makes I’ a Polish space. 

In dealing with infinite configurations, we may restrict ourselves to 
those ones that have a priori prescribed properties. Here we do this by 
employing a function w € C} (X), w(x) < 1, for which we set 


Uy) =X (a). (1.5) 


“LEY 


Then the set of tempered configurations is defined as 
I? = {y ET: Uy) < oo}, 
cf. [21, page 41]. It is clear that 
EY >T”, whenever y’ < y. (1.6) 


By this observation we get a possibility to vary T* from Ir (by taking 
w € CF(X)) to To, corresponding to Yy = 1. If Yy € Ct (X), then I” 
is a proper subset of I and subset of Tọ. As an example one can take 
X = R and y(x) = e°*!, a > 0. Then the configuration N C R is in 
[’, whereas {logn : n € N} is not if a < 1. 

For each y € I’, the measure 


vy = X V(2) be (1.7) 


rey 


is finite. Thus, one can equip I’ with the topology defined as the 
weakest one that makes continuous all the maps 


sy Ñ gyl), 9 € O(X). (1.8) 


rey 


Similarly as in Proposition 2.7 and Corollary 2.8 of [41], one can prove 
the following. 


Proposition 1.1.4. Lety € C} (X) be separated away from zero, i.e. 
w(x) > 0 for x in a compact A C X. Then with the topology defined 
in (1.8), TY is a Polish space, continuously embedded in T. Thus, 
BY’) ={Ae BT): AcT*}. 


Proof. First we note that the set of measures {v, : y € I} is a subset 
of the space N of all positive finite Borel measures on X, which is a 
Polish space with the weak topology. Let us prove that I” is a closed 
subset of M. To this end, we take a sequence {7n}new C T” such that 
{Vn nen is a Cauchy sequence in a metric of M that makes this space 
complete. Let v E€ N be its limit, and hence 


` g(x)v(x) > v(g), n — +00, (1.9) 


LEYn 
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holding for all g € Cy(X), in particular for g E€ Ces(X) . Since y% 
is separated away from zero, each h € Ces(X) can be written in the 
form h(x) = g(x)v(x) with g E€ C.,(X). Hence, the sequence {Yn }new 
vaguely converges to some locally finite counting Borel measure v* 
on X as the set N* of all such measures with the vague topology 
is a Polish space, see [20, Proposition 9.1.IV, page 6]. The limiting 
counting measure can be associated with a certain y € I, i.e., v(h) = 
v# (h) = Vee, h(x), holding for all h € Ces(X). To prove that this y 
lies in T”, we take an ascending sequence of compact Am C X, ie., 
Am C Am+i, M E N, such that each x € X is contained in some Apm. 
Then we take g™ € C,.(X) such that g(x) = 1 for x € Am, and 
g™ (x) = 0 for x € X \ Am4i, which is possible by Urysohn’s lemma. 


Then 
vK) = S g (a)w(z) = (9) < V(X), 


LEY 


Aa) = gapla): 
Now we pass here to the limit m — +00 and obtain (by the Beppo - 
Levi theorem) that Y(y) < v(X), which yields, y € [’. Thus, v in 
(1.9) is equal to v#, which yields that {v, : y € T*} is closed in N, and 
thereby is also Polish, see [18, Proposition 8.1.2, page 240]. In view of 
the aforementioned identification y with v,, the latter proves the first 
half of the statement. The stated continuity of the embedding TY 3 T 
is immediate. Then the conclusion concerning the o-fields follows by 
Kuratowski’s theorem, see [45, Theorem 3.9, page 21]. 


Remark 1.1.5. The continuity of the embedding I’ —> T allows one to 
establish the following fact: 


P(r’) = {u E€ P(T) : uT’) = 1}. (1.10) 


That is, each u € P(T) possessing the property u(T*) = 1 can be 
redefined as a probability measure on I’. Therefore, by restricting 
ourselves to tempered configurations — members of TY — we exclude 
from our consideration all those u € P(T) that fail to satisfy the men- 
tioned support condition. 


Let B,(X) denote the set of all bounded and measurable functions 
f:X >R. Following [24, page 11], we say that a sequence {hn }new C 
B, (X) converges to a certain h € By(X) boundedly and pointwise if: 
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(a) sup, ||An|| < 00; (b) hn(x) > A(x) for each x € X. In this case, 
we write hn B h. A subset, H C B,(X), is said to be bp-closed, if 


{hn} C H and hn Th imply h € H. The bp-closure of H C B,(X) 
is the smallest bp-closed subset of B (X) that contains H. An H’ is 
bp-dense in H, if the latter is the smallest bp-closed set that contains 
H'. 

Let F be a family of functions f : X — R. By oF we denote 
the smallest sub-field of B(X) such that each f € F is oF /B(R)- 
measurable. The weak topology of P(X) is defined as the weakest one 
that makes continuous all the maps u > u( f), f € Ch(X). With this 
topology P(X) can also be turned into a Polish space. By writing un > 
u, n — +00, we mean that {Hn }nen weakly converges to u. A family 
F of functions f : X — Ris called separating if (f) = u2( f), holding 
for all f € F, implies pı = u2 for each pair p1, U2 € P(X). F is said to 
separate the points of X if for each distinct x,y € X, one finds f € F 
with the property f(x) 4 f(y). If F separates points and is closed with 
respect multiplication, it is separating, see [24, Theorem 4.5, page 113]. 
A family F is called convergence determining if unf) > u(f), f EF, 
implies 1, = u. The following is known, see [24, Proposition 4.2, page 
111] and/or [21, Lemmas 3.2.1, 3.2.3, pages 41, 42]. 


Proposition 1.1.6. For each Polish space X, there exists a countable 
family H C CY (X) that has the following properties: (a) the linear 
span of H is bp-dense in By(X); (b) B(X) = cH; (c) it contains the 
unit function u(x) = 1 and is closed with respect to addition; (d) it is 
separating; (e) it is convergence determining. 


Let V = {w}iew C C7 (X) be a family of functions with the prop- 
erty as in Proposition 1.1.6. We may and will assume that each v; € V 
satisfies infy vj(@) > co, > 0 for an appropriate co, cf. [21, Remark 
3.2.3, page 42]. Indeed, if this is not the case, instead of v; one can take 
o := vı + coy. Then the family {0;}:en has all the properties we need. 
For y € I’, we have, cf. (1.7), vy(v) = ec, U(z)p(z). Then the 
topology mentioned in Proposition 1.1.4 is metrizable with the metric 


OO 


v.(47) = y 27 |v (vi) — vy(vi)| l (1.11) 


0 1+ |v,(v1) — vy (%)| 
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For u € P(TĦ), its Laplace transform is defined by the expression 


£,(9) =u(G°), g € CPX) (1.12) 


G° (7) := exp (—v,(g)) = exp (- ` sawo) ; 


LEY 


The following is known, see [21, Lemma 3.2.5 and Theorem 3.2.6, 
page 43]. 


Proposition 1.1.7. Let V be the family of functions used in (1.11). 
Then: 


(i) BIT’) =o{G’ :vEV}; 
(ii) By(T%) is the bp-closure of the linear span of {GY : v € V}; 
(iii) {G° :v E€ V} is separating; 
(iv) {G°:v E€ V} is convergence determining. 
The proof of claim (iv) is essentially based on the concrete choice 
of the metric (1.11), by which one shows that the family {G : v € V} 


is strongly separating, cf. [24, page 113]. In the sequel, we will use the 
following functions 


(x) = 1 — 0(z) = exp (—9(x)(e)), (1.13) 


with g € OC (X). 


1.2 Functions and measures on configu- 
ration spaces 


In this section, all the statements and fact hold true for both multiple 
and single configurations, and X stands for the habitat, that includes 
also the case X = R’. We write Rf rather than X to stress that we 
mean exactly this habitat. 
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Recall that Ces( X) denotes the set of all compactly supported con- 
tinuous numerical functions on X. By O we denote the set of all those 
0 € Cesl X) which take values in (—1, 0]. Then the map 


Taye F’(y) := [[G+4()) = exp 2 log(1 + a) ; dc€O, 
“LEY LEY 
(1.14) 
is (vaguely) continuous and satisfies 0 < F°(y) < 1 for all y. The 
upper bound is evident, and the continuity follows by the continuity 
of y > Dies log(1 + 6(x)). The set O has the following properties: 


(a) for each pair of distinct y, y” € IL, there exists 6 € O such that 
F°(y) # FP’); 


(b) for each pair 6,6’ € O, the point-wise combination 6 + 6’ + 66 is 
also in O; 


(c) the zero function belongs to ©. 


The mentioned properties yield that {F° : 0 € O} is a separating 
family, see [1, Proposition 1.3.28, page 113]. Moreover, for each 0 € O, 
u(F®) = u^ (F°), where a compact Ag is such that 6(x) = 0 for x € 
NG — R \ Ng. 

A function G : To > R is B(To)/B(R)-measurable if and only if, 
for each n € N, there exists a collection of symmetric Borel functions 
G™ : (R¢4)" > R, such that 


G(n) =G(e1,...,2n), for n= {21,..., tn}. (1.15) 


Definition 1.2.1. A measurable function G : Ig —> R is said to have 
bounded support if: (a) there exists a compact A C R? such that 
G(n) = 0 whenever 7M A Æ n; (b) there exists N € N such that 
G(n) = 0 whenever |n| > N. By Bres(To) we denote the set of all 
bounded functions with bounded support. 


Definition 1.2.2. F : IT > R is a cylinder function if there exists a 
compact A and a B(Ta)/B(R)-measurable function G such that F'(y) = 
CARTER 


For a compact A and A € B(Ta) let B(T) be the sub-o-field of 
B(T) generated by all cylinder sets Ca defined in (1.3). By Definition 
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1.2.2, a cylinder function F : TF > R is By(T)/B(R)-measurable for 
some compact A. For a compact A and a given u € P(T), we define 
the projection of u on I4 by the relation 


(Ca) = u° (A) (1.16) 


which determines u^ € P(I',). Note that all such projections {4}, 
of a given u € P(T) are consistent in the Kolmogorov sense. 

In the sequel, we consider probability measures on T as state of the 
system. Each u € P(T) is characterized by its values on the sets (1.4). 
A homogeneous Poisson measure ty E€ P(T) with density 2 > 0 (see, 
e.g., [30]) is then defined by the following expression. 

A n 
(rin) = ZIAD oxp (sel), (1.17) 
n! 
where |A| stands for the Lebesgue measure of A. 
For a given u € P(T), we introduce the Bogolubov functional as 


BO) = (F°) = f Fan OEO. (1.18) 


For the Poisson measure it has the following form 


B,„(0) = exp (- - Majde) 


Obviously z,,(F°) can be continued to an exponential type entire func- 
tion of 0 € Li(R¢). Having this in mind we introduce the following 
class of measures. 


Definition 1.2.3. The set of sub-Poissonian measures Pexp(T) con- 
sists of all those u € P(T) for each of which u(F°) can be continued 
to an exponential type entire function of 0 € L'(R2). 


It can by shown that the measure r, has the property: 7,,(['9) = 0, 
and for each u € Pexp(T), there exists x > 0 such that 


Prat) base” (iia (1.19) 


holding for all compact A and n € N. 
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By Definition 1.2.3, see [35], a given u belongs to Pexp(T) if and 
only if u(F°) can be written down in the form 


oe) 1 7 
n=1 


(1.20) 
where ke” - called n-th order correlation function of the state u- is 
a positive and symmetric element of L®((R“)”"). Moreover, for the 
collection {ke Lien satisfies Ruelle’s bound 


[LO |] 200 (aan <x", neN, (1.21) 


holding with some x > 0. Note that k = x”.This implies the form 
of B,,, and so kẹ” (x1,..., £n) < 2”, cf. (1.19). 


Recall that B»s(To) stands for the set of all bounded functions with 
bounded support. 


Definition 1.2.4. The Lebesgue-Poisson measure A on (To, B(To)) is 
defined by the integrals 


at 
1 G(n)A(dn) = GØ) + X F GO (x1, ... En)dz1--- d&n, 
To ae n: (IR2)” 


(1.22) 
holding for all G € B»s(To). 
For G € Bys(To), we set 
(KG) =X Gan), vel, (1.23) 


ney 


where 7 € y means that 7 C y and 7 is finite. For each G € Bys(To), by 
Ag and Ng we denote the smallest A and N with the properties men- 
tioned in Definition 1.2.1, and use the notations Cg = supper, |G(7)|- 
Then, cf. Definition 1.2.1, 


(KG) < Ca (1+ lyn el)", G € Bys(To). 


Like in (1.15), we introduce the real valued function k, : Tro > R 
such that k(n) = k™(a1,...,¢n) for 7 = {a1,..-, an}, n € N, and 
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k,(@) = 1. Then we rewrite (1.20) as follows 


we) =f kaleli), e0) = Toe), (128) 
To ren 
where A is the Lebesgue-Poisson measure introduced in (1.22). In the 
sequel, we call k, the correlation function corresponding to the measure 
u- 
For u € Poxp(T) and a compact A, the projection u^, as a measure 
on (To, B(To)), is absolutely continuous with respect to the Lebesgue- 
Poisson measure A, see [35]. Hence, we may write 


u^ (dn) = Rii(m)X(dn). (1.25) 
Then the Radon-Nikodym derivative RÂ and the correlation function 
k,, are related to each other by 


k (n) = | Rin U E)X(dé), né€VT,, A-compact. (1.26) 


For each G € Bys(M'o) and k : To > R such that k™ € L©((R*)”) the 
integral 


(G, k} = f G(n)k(n) Man) (1.27) 
exists. Hence, by (1.20), (1.23), (1.25) and (1.27) we obtain 
f EOK = KG, ks) (1.28) 


holding for all G € Bys(To) and u E€ Pexp(T). Set 
Bý (To) = {G € Bus(To) : (KG) (y) > 0 for all yer}. (1.29) 


By [35, Theorems 6.1, 6.2 and Remark 6.3] we know that the following 
Proposition is true. 


Proposition 1.2.5. Let a measurable function k : Fo + R have the 
following properties: 


(a) ((G,k,)) > 0, for all Ge BR (To); 
(b) k(@)=1,; 
(c) k(n) < cM, 


with (c) holding for some C > 0 and A-almost all n € Vo. Then there 
exists a unique u E€ Pexp(T) such that k is its correlation function. 
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Finally, we present the inequality which will extensively be used in 
the sequel 


p 
n?e” < (=) , p21, o>0, neN, (1.30) 
eo 


and two useful formulas holding for appropriate functions g : Rf > R 
and G : To > R. 


ywer Po =0+9@) E o 81) 


ney zen nEy\z ZEN 


| ST GE n,n \ OA(dn) = 1 G(E,n UE, MA(dE)A(dn), (1.32) 


To ECN To 


see [25], Lemma 2.4. 


1.3 Evolution equations 


Here and in the sequel, we use the notation, cf. (1.18), 


WF) = | Pay. 


The Markov evolutions which are studied in this work are described 
by the (backward) Kolmogorov equation 

d 
de’ =F, = LF, Filt=o = fo, (1.33) 
where F, denotes the time derivative and F, : T — R is an observable. 
The expression LF determines the model, i.e. contains all informations 
about it. 

Recall that we consider probability measures on [ as states of the 
system. The evolution of such states uo +> 4u is defined by the Fokker- 
Planck equation 

be = L" iue, Lilt=0 = Ho. (1.34) 
Both evolutions, (1.33) and (1.34), are in the duality uo(F;) = u(Fo). 
This means that L” is obtained from L by the following rule 


f (LF)()tu(dy) = FOL" m) (dh). (1.35) 


To 
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For infinite systems, the direct use of (1.33) and (1.34) is rather impos- 
sible, so we proceed as follows. Having in mind (1.24), instead of the 
Fokker-Planck equation (1.34) we may consider the following evolution 
equation for correlation functions 


oh = Eke, ke|t=0 = kpo» (1.36) 


where operator L“ is obtained from L in (1.33) by the rule 


| (LF)(y)u(dy) = i (L4k,)(n) (u a) Man) (1.37) 


In the case of finite configurations measures of our interest are abso- 
lutely continuous with respect to À defined in (1.22). Set, cf. (1.25), 


paldo) = Riy) Alda). 
Then one can also transform (1.34) into the problem 


d 
g = (L'R,)(n), Ril=0 = Ro. 


according to 
(L"u)(dn) = (LZ'R,)(n)A(dn). (1.38) 


1.4 Spaces of measures and functions 


We introduce here spaces in which equations (1.33), (1.34) and (1.36) 
will be considered. We start with the space of signed measures with 
bounded variation, where the equation (1.34) can be defined. By M 
we denote the Banach space of all signed measures on (To, B(T9)). Let 
M?* stands for the cone of positive elements of M, which is generating, 
ie. M = M* — M7, see [18] and [50] for more details. Using the 
Hahn-Jordan decomposition pp = wt — u~, p* € Mt, we define the 
norm of u E€ M as 


[eel = (Po) + a~ (Do). 
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Then P(To) is a subset of M* consisting of those u for which || {|| u = 
1. Note that, the linear functional 


ymlu) = (To) = I u(dn) = u* (To) — u (To) 


has the property ym(u) = llull for each u € MY; hence, ||- Ila is 
additive on the cone M+. Therefore M is an AL-space, see [50]. 
For an increasing function x : No —> [0, +00), we set 


My, = fy EM: J x(n)" (dn) < co} , M% =M, NM", 


To 
(1.39) 
and introduce 


pus (i) | x(Inuldn) (1.40) 


= i x(n) ut (dn) — | x(Inur(dn), we My. 


To 
Regarding x we assume that M, is a proper subset of M and the 
corresponding embedding is continuous. 
Along with the space M we will consider its subspace consisting 
of all measures absolutely continuous with respect to the Lebesgue- 
Poisson measure, which is 


R := L! lye, 
As we did before, we define the functional 
erR) = | ROA): 
0 
Let Rt and RË stands for the cone of positive elements of R and the 
probability densities, respectively. Then yr(R) = ||R\|r for R € Rt 
and hence R is AL-space too. Similarly, as in (1.39) and (1.40), for an 


increasing function x : No — [0, +00), we set 


Ry = {RER: | x(DIRGIAn) < oo}. (141) 


pn (R) = i x(Inl)R(n)Mdn), R € Ry 


RE =R NR*, R, ={RERSE: pr(R) = 1. 
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Let us now consider the L*-like Banach spaces of functions Ka. 
Having in mind that the correlation functions of measures from the set 
Pexp(L) satisfy (1.21), for appropriated non-increasing function w(|7|) 
and a € R, we introduce the following norms 


[Flaw = ess sup w(|q|)e “MK (n)), (1.42) 


nETo 


and the corresponding spaces 
Ka = {k : To > R : [Allow < co}, (1.43) 


equipped with the usual point-wise linear operations. For a/ < a, we 
have that ||kllw > ||Alla. Therefore, Ky — Ka, where “<>” denotes 
continuous embedding. In view of this, we have obtained an ascending 
scale of Banach spaces {Ka baer. 

For a € R, we set, cf. (1.28), (1.29) and Proposition 1.2.5, 


K = {k € Ka : (G, k} > 0 and k(Ø)= 1}. (1.44) 
Note that K% is a proper subset of the 
KÈ := {k € Ka : k(n) > 0}. (1.45) 


1.5 Thieme - Voigt perturbation theory 


In this section, we present elements of the semigroup theory [46] and 
the Thieme - Voigt perturbation theory [50], see also [4]. Here, we 
adapted the theory to our purposes. Let € be either M or R, and 
|| - lle stand for the corresponding norm. The sets E+, EF, Ex, Ef, 
ce 1, and the functionals ye, ye, are defined analogously to the sets 
and functional defined in Section 1.4, i.e., they should coincide with 
the corresponding objects introduced in Section 1.4 if £ is replaced by 
M or R (by MẸ we then understand P(To)). Let D C E be a linear 
subspace, Dt = DN Et and (A, D), (B,D) be operators in E. Set 
also Dy = {u € DNE, : Au E€ E,} and denote by A, the trace of 
A in E, i.e., the restriction of A to Dy. Recall that a Co-semigroup 
of bounded linear operators S = {S(t)}is0 in E is called positive if 
S(t) : EF — ET for each t > 0. A sub-stochastic (resp. stochastic) 
semigroup in £ is a positive Co-semigroup such that ye(S(t)u) < pelu) 
(resp. ye(S(t)u) = ye(u)) whenever u € Et. 
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Proposition 1.5.1. [50, Proposition 2.2] Let (A, D) be the generator 
of a positive Co-semigroup in E, and (B,D) be positive, i.e., B : Dt > 
E*. Suppose also that 


Vu € Dt ye((A+ Bju) < 0. (1.46) 


Then, for each r € (0,1), the operator (A+rB,D) is the generator of 
a sub-stochastic semigroup in E. 


Proposition 1.5.2. [50, Proposition 2.7] Assume that: 

(i) -A: Dt > Et and B: Dt > EF; 

(ii) (A,D) be the generator of a sub-stochastic semigroup S = {S(t) }0 
on E such that S(t) : Ex > Ex for allt > 0 and the restrictions 
S(t)le, constitute a Co-semigroup on Ey generated by (Ay, Dy); 

(iii) B: Dy > E and pe ((A+ B)u) =0, for u € Dt; 

(iv) there exist c>0 and £ > 0 such that 


ye, ((A + B)u) < cpe, (u) — €||Aulle, for abe D NEF. 


Then the closure of (A+ B,D) in E is the generator of a stochastic 
semigroup Se = {Se(t)}>o in E which leaves Ey invariant. The re- 
strictions Se, (t) := Se(t)le,, t > 0, constitute a Co-semigroup Se, in 
E, generated by the trace of the generator of Se in Ey. 


Chapter 2 


Fission-death system with 
competition 


This chapter is devoted to the evolution of the system of interacting 
point entities with traits x € Rf, introduced and studied in [38, 39]. 
In the model, each entity is subject to a state-dependent death (with 
rate that includes a competition term) and independent fission, in the 
course of which each entity produces two descendants and simultane- 
ously disappears. The states of the system are probability measures on 
the corresponding configuration space. We also perform a multi-scale 
analysis of this system. 


2.1 The model and the basic assumptions 


The Markov evolution of the model is described by the Kolmogorov 
equation (1.33), in which L specifies the model. In the considered case 
it has the following form 


(LFO) =X | ma) + SO a@—y) | [FO\2)- FO) (2-1) 


rey yey\x 


Ue b(alyi, y2) [E \ z U {y1, y2}) — F (7)] dyidy2. 
LEY 
In expressions like y U z, we treat x as a singleton configuration {x}. 


The first term in (2.1) corresponds to the death of the particle with 
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trait x occurring: 

(i) independently with rate m(x) > 0; 

(ii) under the influence (competition) of the other particles in y occur- 
ring with rate 


E” (x,y \ £) := oe a(x — y) > 0. (2.2) 
yey\x 


The second term in (2.1) is responsible for an independent fission with 
rate b(x|y1, y2) > 0. 


Assumption 1. The nonnegative measurable functions a, b and m are 
subject to the following: 


(i) a is integrable and bounded; hence, we may set 


sup a(x) =a’, k a(x)dx = (a). 


xreR4 


(ii) There exist positive r and a, such that a(x) > a, whenever 
z| <r. 


(iii) For each x € R4, b(x|y1, y2)dyıdy2 is a symmetric finite measure 
on (R1)?; hence, we may set 
(b) z. b(z|yi, y2)dyıdy2, 
(R4)? 
where, for simplicity, we restrict the consideration to the trans- 
lation invariant case where the right-hand side of the latter for- 


mula is independent of x. The mentioned symmetry means that 
b(x|y1, y2) = b(z|y2, y1) for all values of the arguments. 


(iv) For each y1, y2 € R4, b(-ly1, y2) is integrable, and hence we may 
set 


Btn -v)= f Keln yde, 


where the function 6 > 0 has the property af G(x)dx = (b) and 
Ra 
is supposed to be such that 


sup (x) =: 8* < œ. 
xER4 
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Our consideration includes also the case where b is a distribution. 
In particular, b may take the form 


b(elyn, v) = 5 (Ble = 1) +(e = ya) Bo — v2) 


which corresponds to the Bolker-Pacala model [32]. 


Remark 2.1.1. The function 8 describes the dispersal of newborn twins, 
which are subject to the competition described by a. As in the Bolker- 
Pacala model, the following two cases may occur: 


e short dispersal: there exists w > 0 such that a(x) > w(x) 
holding for all x € R¢; 


e long dispersal: for each w > 0, there exists x € RÊ such that 


a(x) < w(x). 
For n € To, we set, cf. (2.2), 


Em) = Y Eene) =Y Y ale- y), (2.3) 
ren LEN yen\x 

E*(n) = X b9 plz -= y) = X y if b(z|x, y)dz. 
ren yen\x ren yen\x Re 


The properties of the model mentioned in (ii) and (iv) of Assumption 
1 imply the following fact. 


Proposition 2.1.2. There exist w >0 and v > 0 such that 
u|n| + E%(n) > wE%(n), (2.4) 
holding for each n € To. 
The inequality above can be rewritten in the form 
s(n) := ` x je — y) — oj He, ude > —v|n|. (2.5) 
LEN yen\x b 


Proposition 2.1.3. Assume that (2.5) holds true for some wo > 0 
and vo > 0. Then for each w < wo, it holds also for v = vow/wo. 
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Proof. For w € [0, wo] by adding and subtracting 2 E*(n) we obtain 


DoM = = (F -1) E0) + Buon) > -voll 


Proof of Proposition 2.1.2. According to Assumption 1, 8 is Riemann 
integrable, then for arbitrary £ > 0, one can divide R? into equal cubic 
cells Ey, 1 € N, of small enough side A > 0 such that the following 
holds 


+00 
RS 7B <(B)+e, Br := sup A(z). (2.6) 
l=1 xEE 
For r > 0, set K, (x) = {y € R! : |x — y| < r}, x € R?, and 
z= inf : 2.7 
n 2€K2,(0) a(x) ( ) 


Then we fix £ and pick r > 0 such that a, > 0. For fixed r, h and € 
as above, we prove the proposition by the induction in the number of 
points in 7. By (2.5) we rewrite inequality (2.4) in the form 


Us(n) = vln| + u(n) > 9, (2.8) 


and for some x € 77, consider 


U.(t,n\) == Un) — Usl \ 2) 


= v+2( X ae—-y)-w X Bey) J. 


yen\x yen\x 


Set cq = |Kı| and let A(d) be the packing constant for regid balls in 
R2, cf. [28]. Then set 


(B) = max{*; ((b) + €)ga(h,r)}, (2.9) 
A(d) (+ ay 


Cd hr 


Next,assume that v and w satisfy the following, cf. (2.7), 


galh, r) = 


w < T iB) (2.10) 


Let us show that 
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(i) for each n = {x,y}, (2.10) implies (2.8); 


(ii) for each 7, one finds x € 7 such that U,,(x,7 \ x) > 0 whenever 
(2.10) holds. 


To prove (i) by (2.10) and (2.9) we get 


U({z,y}) = 20+ 2a(a — y) — 2wß(x — y) 
> (u—2w") + 2a(x — y) 2 0. 


To prove (ii), for y € 7, we set 


s = max |n N Ko,-(y)|. (2.11) 
yen 


Let also x € 7 be such that |n ON Ko,(x)| = s. For this x, by F(x), 
l € N, we denote the corresponding translates of E, which appear in 
(2.6). Set m = n N E(x) and let lą € N be such that n C U<, Ei(x) 
which is possible since 7 is finite. For a given L, a subset & C 7 is called 
r—admissible if for each distinct y, z € Q, one has that K, (y)NK, (2) = 
Ø. Such a subset & is called maximal r—admissible if |¢;| > |¢’| for any 
other r—admissible ¢;. It is clear that 


m C LJ Ko(2). (2.12) 


ZEC1 


Otherwise, one finds y € m such that |y — z| > 2r, for each z € Q, 
which yields that & is not maximal. Since all the balls K,(z), z € Ġ, 
are contained in the h—extended cell 


EP(x):= {y E R°: a ly = z| < h}, 


their maximum number - and hence |¢)| - can be estimated as follows 


kil < ADVE) cart = tO (AER 


= h%ga(h,r), (2.13) 


where cg and A(d) are as in (2.9). Then by (2.11) and (2.12) we get 


Ses Se 


yen\x l=1 z€q, yeKar(z)NMN 
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The cardinality of Kə (z) N m does not exceed s, see (2.11), whereas 
the cardinality of ¢; safisfies (2.13). Then 


X B(@—y) < sgalh,r) XC Bh < sgalh,r)((b)} +e) < sô. (2.14) 


yen\x l=1 
On other hand, by (2.7) and (2.11) we get 
bp alx —y) > D alx — y) > (s — 1)a,. 
yen\x ye(n\2)NK2r (a) 


We use this estimate and (2.14) in (2.8) and obtain 


U s(x, n\ x) >28 (=e) +(s—1) (Z -w)| > 0, 


see (2.10). Thus, (ii) also holds and the proof follows by the induction 
in |n]. 


2.2 Evolution of states of the finite sys- 
tem 


Here we assume that the initial state in the Fokker-Plank equation 
(1.34) has the property uo(To) = 1, that is, the system in po is finite. 
Then the evolution related to (1.34) will be constructed in the Banach 
space of signed measures with bounded variation introduced in Section 
1.4, where the generator L” can be defined as an unbounded linear 
operator and Cp-semigroup techniques can be applied. 

We consider the following types of function y(n) that defines the 
spaces M,, cf. (1.39), 
(a) Xm(n) := (1 +n)”, m EN, 
(b) x(n) := e, k >Q. 

Let us then set, cf. Assumption 1 and (2.3), 


Y(n) = M(n)+E%(n)+(0)\n|,  M(n) = $ mhe) < m*|n], (2.15) 


xrEN 
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and then 


D = fy EM: W(n) p> (dn) < oo} (2.16) 


To 
By (2.3) we have that Y(7) < C|n|? for an appropriate C > 0; hence, 
Mx CD. 


Proposition 2.2.1. For u E D, we set LY = A+ B, where 
(An) (dn) = -Would (BO = f EAEE), (217) 
0 


where for A € B(To) the measure kernel = is 


=(Ale) = Yi (m(e) + B%@,£\2)) aE \ 2) (2.18) 
ree 
"DJ S bly, va) Lal \ £ U {yr, yobdyndye, 
TEE 


and 1, is the indicator of A. See also Assumption 1 and (2.15). 


By direct inspection one checks that L” satisfies u( LF) = (L"1)(F) 
holding for all u € D and appropriate F : Fo + [0, +00), see (2.1). 

By a global solution of (1.34) in M with uo € D we understand a 
continuous map [0,+00) 3th u E€ D C M, which is continuously 
differentiable in M on (0,+00) and is such that both equalities in 
(1.34) hold. Our main result here is as follows. 


Theorem 2.2.2. The problem in (1.34) with uo E€ D has a unique 
global solution u E M, which has the following properties: 


(a) for each m E€ N, wh E€ Myn N P(To) for all t > 0 whenever 
Ho E Mym N P(To); 


(b) for each k > 0 and K’ € (0,15), p E Myw N P(To) for all t € 
(0,T(K,K’)) whenever po € Myx N P(To), where 


Teese we (2.19) 


(c) for allt > 0, mldn) = Ri(n)A(dn) whenever oldn) = Ro(n)XA(dn). 
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2.3 Evolution of states of the infinite sys- 
tem 


In this section, we construct the evolution of states po + u+ assuming 
that the system in uo is infinite. In particular, we have to consider also 
infinite configurations for which sums as those in, e.g., (2.18) may not 
exist. Hence, the direct use of L” as linear operator in appropriated Ba- 
nach spaces is rather impossible and the method developed in Section 
2.2 does not work anymore. Instead, we will try to obtain evolution 
Lo — Hur from the evolution Bo + B;, where Bo(0) = fuo(F’) and the 
initial state jo is taken in the set Pexp(T), see (1.18) and Definition 
1.2.3. In view of (1.24), the evolution Bọ —> B; can be constructed 
by employing correlation functions, the evolution of which will be per- 
formed in the following three steps: (a) constructing ko > k fort < T 
(for some T < oo) by solving equation (1.36); (b) proving that ky is 
the correlation function of a unique pz E€ Pexp(T); (c) continuing k; to 
all t > 0. Using the relation (1.37) between operators L and Lê we 
obtain the following. 


Proposition 2.3.1. Operator LA in (1.36) has the form 


IA = AP+ AD + BY +B, (2.20) 
(APK) = -UEC 
am = S E E tue fu yhel alae, 
Y1EN y2EN\y1 
(BEN) = — f KoU a)E ende, 


(Bk) (1) 


2 | S k(n U z \ yi)blelyn ya)duzdz, 
(R4)2 


y1en 
where Y is given in (2.15). 
Our aim is to employ the scale of Banach spaces in which we can 
define linear operator acting as in (2.20). Thus we use the norm intro- 


duced in (1.42) with w(|n|) = 1 and the corresponding Banach spaces 
Ka, see (1.43). This yields that 


|k(n)| < eljka, ae 


4a 


(2.21) 
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First, for a given a € R, we define an unbounded operator (L4,D4), 
where 


DÂ = {k € Ka : Vk E€ Ka}. (2.22) 


Thus, A* : D4 —> Ka. Furthermore, for each k € D4, there exists 
C > 0 such that (1 + U(7))|k(n)| < eC. We apply the latter fact 
and item (iv) of Assumption 1 to get 


eetan 


[(AFk)(n | < = EG os > 2 — y2) < CBre otal, 


YLEN yoen\y1 


which means that also AS maps Dô to Ka. In a similar way, we prove 
that BA : DS > Ka, i = 1,2. Thus, the expression in (2.20) can be 
used to define (LÂ, DÅ). By means of the inequality (1.30) one readily 
proves that 

Ve <a Kee De. (2.23) 


Proposition 2.3.2. For a’ < a and LÔ as in (2.20), we define a 
bounded linear operator LÂ, : Kw —> Ka, the operator norm of which 
satisfies 


+ (b) + a* + B*e” | (aje + =) . (2.24) 


ela — a’)? e(a— a’) 


IE llaar < (= 


Then, in view of (2.23), we have that each k € Kw lies in DÊ, and 
LA k= LAR. (2.25) 


In the sequel, we consider two types of operators with the action as in 
(2.20): (a) unbounded operators (L4,D(L4)), a € R, with domains 
as in (2.22); (b) bounded operators LÂ, satisfying (2.24) and related 
to the operator LÂ by (2.25), i.e., LÂ, can be considered as the re- 
striction of LÂ to Kw. 


Let us fix some a; € R. Then take as > a; and consider the 
following Cauchy problem in space Kas, cf. (1.43), 


ke=Lo ke, — kelto = ko € Koy. (2.26) 


By its solution on a time interval [0, T) we mean a continuous (in Koz) 
map [0,T) 3 t > kh € DÂ , which is continuously differentiable on 


a2? 
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(0, T) and satisfies both equalities in (2.26). For a,a’ € R such that 
a’ < a and for v > 0 as in Proposition 2.1.2, we set 


2(8) +v + (lajes 


T(a, a’) = (2.27) 
Lemma 2.3.3. Letw and v be as in Proposition 2.1.2. Then for each 
a, > —logw and an arbitrary ko E Ka,, the problem in (2.26) has a 
unique solution k; € D2, on the time interval [0, T (a2, @1)). 


In contrast to the case of finite configurations described in Theorem 
2.2.2, the construction of a Co-semigroup that solves (2.26) is rather 
hopeless. In view of this, we will try to find the solution of the equation 
(2.26) in the following steps: 


(i) the operator L^ will be written in the form L4 = A4 + BA in 
such a way that A® := At, + A> will be used to construct a 
certain (sun-dual) Co-semigroup in Kas; 


(ii) this semigroup and BÊ := BS+B3,, will be used to construct the 
family of operators {Qaw (t) : t € [0, T (a, a’))}, see (2.27), such 
that Qaa (t) E€ L(Kw, Ka) and kt = Qaza: (t)ko is the solution of 
(2.26). By L(Kw, Ka) we denote the Banach space of all bounded 
linear operators acting from Kw to Ka 


Our next aim is to show that the solution obtained in Lemma 2.3.3 
has the property ki = ku for a unique ue E€ Pexp(I). We call this 
identification since it allows us to identify the mentioned solutions as 
correlation functions of sub-Poissonian states. 

Recall that v and w appear in Proposition 2.1.2 and K% is defined 
in (1.44). 


Lemma 2.3.4 (Identification). For each ag > a; > —logw, it follows 
that Qaza: (t) = Qazon (t; BS) : Kx, > Kå, for allt € [0,7 (a2, a1)] with 
T(Q2,01) = T(a2, &1)/3. 
The proof of this lemma consists in the following steps: 
(i) constructing an approximation k7?? of ky = Qasa: (t)ko, ko € K%,, 
such that (G, k/P?)) > 0 for all G € B% (To), which includes also 
constructing an auxiliary model; 
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xX 


a a] 
pape pepe 


(ii) proving that KG, kP} + «G, k as the approximations are 
eliminated. 


The figure above provides an illustration to the idea of how to re- 
alize step (i). The origin of the inequality in question is in (1.28) and 
(1.29). To relate k; with a positive measure one uses local approxima- 
tions of uo, the densities of which (not necessarily normalized) evolve 
Ro? > Rọ in Ly-like spaces according to Theorem 2.3.5. These ap- 
proximations are tailored in such a way that the corresponding correla- 
tion functions (1.26) (that have the desired property by construction) 
also evolve qa’? > q?? in Ly-like spaces Gy. The technique developed 
in Sect. 4.1.5 allows for proving that (G,k;?)) converges to KG, ke) 
only if k} = Qaag(t)gor?. That is, at this stage there is no connec- 
tion between the evolutions gj? — q}™ and qj? > k;P? as they take 
place in (different) spaces, Gy and Ka, respectively. It turns out, that 
these spaces have an intersection UZ constructed with the help of some 
objects dependent on a parameter ø > 0. To employ this fact we use 
auxiliary models (indexed by c), for which we prove that both evolu- 
tions qo? > q;™ and q0” > k;P? take place in UZ and thus coincide. 
That is qP = k;PP for t < 7 with some positive 7, that yields the 
desired positivity of k??. Then step (ii) includes also taking the limit 
a0". 

In Section 1.4, for œ € R, we defined spaces K* and Ky, see (1.44) 
and (1.45). Since the spaces set in (1.43) form an ascending scale, we 
have that k € Ka lies in all Kg with a > ap. Our main result is given 
by the following statement. 


Theorem 2.3.5. For each uo € Pexp(L'o), one can choose real ag and c 
such that ky, E Kay and there exists a unique map [0, +00) 5 t > k; € 
Ky, with at = ag+ct and ko = kpo, which has the following properties: 
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(i) For each T > 0, and allt € [0,T), the map 
[0, T) > t ki € Ka, C D(L) C Kap 


is continuous on |0, T) and continuously differentiable on (0,T) 
in Kar. 


(ii) For allt € (0,T) it satisfies 


ky = La ke. 


Corollary 2.3.6. Let k; E€ K%Z,, t = 0, be as in Theorem 2.3.5, and 
then u E€ Pexp(T) be the measure corresponding to this k; according to 
Proposition 1.2.5. Then the map t +> u is such that 


1. for each compact A and t > 0, ps lies in the domain D C M 
defined in (2.16); 


2. for each € O, the map [0, +00) Ð t = (F°) is continuous and 
continuously differentiable on (0,+00) and the following holds 


CHF) = (Ltu\(F%) = (el, LA k), (2.28) 


where the latter equality holds for all T > t, see (1.24) and (1.27). 


The main part of the proof of these statements contained the fol- 
lowing: (a) constructing the evolution ko > ks for t belonging to a 
bounded interval (Lemma 2.3.3); (b) proving that k, belongs to K* 
with an appropriate a, which with the help of Proposition 1.2.5 will 
allow to associate it with a unique u € Pexp(T) (Identification Lemma 
2.3.4); (c) proving that ks lies in Ka, on the mentioned time interval, 
which will be used to continue k; to all t > 0. 


2.4 Mesoscopic description 


Along with the microscopic theory based on the equation (1.33), we 
also consider its relation with phenomenological models through the 
mesoscopic description of the system obtained by the so-called Vlasov 
scaling, see [26] and [11]. Here, the scale is described by a parameter 
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e€ € (0, 1], in such a way that € = 1 corresponds to the microscopic 
level. In the scaling limit € —> 0, the corpuscular structure of the 
system disappears and it turns into a medium described by the density. 
Having in mind, that any Poissonian state 7, is fully characterized by 
the density, see (1.17), we introduce the following definition, cf. [8,11]. 


Definition 2.4.1. A state u € Pexp(T) is said to be Poisson - approx- 
imable if: (i) there exist a € R and g € L©(R’) such that both k, 
and kr, lie in Ka; (ii) for each € € (0,1), there exists q® such that 
g) =k, and ||q© — kr, lla + 0 as £ > 0. 


Our aim is to show that the evolution fo + pH from Theorem 
2.3.5 preserves the Poisson-approximability defined above, respecting 
the density function o, obtained from the kinetic equation 


ao = —mo, — (a * 04) 01 + (b * 01), Otlt=0 = 00. (2.29) 


where for B being either 8 or a we set 
Be ole) =f Bæ- yjal)dy 
R 
Theorem 2.4.2. Let k, be the solution of equation (1.36) with initial 


condition kihi=0 = kuo E Kao obtained in Theorem 2.3.5 and o, be 
the solution of (2.29). Let also uo be Poisson-approzimable by the 


measure Tp, i.e. there exist ao E R and q® such that ky. = gh? and 
|kn, — dQ? las —> 0 ase —> 0. Then there exists a* > ag and T > 0 
such that the following holds 


lim sup ||q® — k 
€0 tejo,T] 


a = 0. 


Tot | 


Chapter 3 


Free branching in the 
continuum 


In this chapter we discuss the model of fragmentation of an infinite 
system of point particles introduced in [49] and study in [40] placed 
in locally compact Polish space X. Here, each ‘particle’ produces at 
random a finite ‘cloud’ (possibly empty) of new particles, and disap- 
pears afterwards. In contrast to the fission - death model presented in 
Chapter 2, here particles undergo the free branching. The main result 
of this chapter is the construction of the solutions of both Kolmogorov 
and Fokker - Planck evolution equations. 


3.1 The model 


The model is determined by the Kolmogorov equation (1.33), where 
the generator L has the following form 


(LF => | [F(y\e UE) — F(ybe(dé). (3.1) 


The branching kernel b, is a map (X,N) > (x,=) > 6,(&) € [0,1] 
such that each b, is a probability measure on M and x +> 6,(=) is 
measurable for each = € B(N). We assume that, for each x € X, bz 
is a probability measure on (To, B((o)). Its correlation measure 8y is 
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defined by the integrals 


f (Zew) balde) = f GOBaldn) (3.2) 


ncg 
2 1 
=G(2)+>° = GG neta O™ (Grinds), 
Hei . n 


with G running through a separating family. As such one, we can 
take the family of all bounded Borel functions G : Fo — R such that 
G™ = 0 whenever n > N, see (1.15). For n € No, we set T” = {€ € 
To: |€| =n}. Then 6,(I”) is the probability of producing n offsprings 
by the particle located at x. Note that (x) := b,(T°) is just the death 
probability, and 


n(z):= J Elba(d£) = y nbe(Pn) = BM (X) (3.3) 


is the expected number of offsprings of the particle located at x. 
For ¢ as in (1.13), we define 


(66) (2) = | (1 so) ba (d£). (3.4) 


yes 


Clearly, 0 < (®@)(x) < 1 for each x € X. Recall that we use w in (1.5) 
in defining tempered configurations. 


Assumption 2. The probability kernel b is subject to the following 
conditions: 


(i) ®d € C (X) for each ¢ as in (1.13); 
(ii) sup,cx n(x) =: Ny < 00; 


(iii) the death probability ô satisfies (a) > 1—y(x) > 6, > 0, holding 
for all x € X; 


(iv) there exists m > 0 such that, for all x € X, the following holds 


A b(y)B (dy) < n(z)my(2). (3.5) 
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By (1.13), (3.5) and Jensen’s inequality we get 


—log(®d)(x) < l [- eT] 40) b,(dg) 


yes 


= f ote o(aps(aa) < (sup oe) nfeym(a 


rex 


Note that by (1.12) and (3.4) it follows that 
(¢)(z) = f G9 (E)b,(dé) = S, (9). 


Then assumption (i) can be reformulated as the continuity of the map 
X D £ > &,(g) € R, holding for all g € C{(X). The remaining 
assumptions are supposed to control the production of new particles, 
of which (ii) and (iii) are related to the properties of b,([”), n € No, 
see (3.3). In general, (ii) and (iii) may be quite independent as the 
choice of 6(x) leaves enough possibilities to modify n(x). However, in 
some cases, 6(x) and n(x) can be expressed through each other. For 
instance, if b, is a Poisson measure, then ô(x) = e~™*). In this case, 
(ii) follows by (iii) with n, = —logd,. The role of (iv) is to control 
the dispersal of offsprings, and thus the nonlocality of the process. To 
illustrate its role, we take X = R and 


i 1 
Baldy) = PP (dy)/n(a) = ierat (u)dy, r >A. 


Then Y(y) = e~°!! satisfies 


ar ar 
e 


[ wields) < (SEE wo, 


which yields (3.5) with m = sinh(ar)/ar > 1. Note that this m can be 
made arbitrarily close to one by taking small enough either r or a. The 
former corresponds to a short dispersal, whereas by choosing small a 
one makes I” — and hence P(I™) — smaller, cf. (1.6) and (1.10). 
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3.2 The Kolmogorov Operator 


3.2.1 Solving the log-Laplace equation 


Our aim now is to prepare solving (1.34), which we begin by making 
precise the definition of the Kolmogorov operator. To this end, how- 
ever, we have to study the following nonlinear equation. For ¢ € Cy(X) 
and x € X define 6(x) := 1 — (x) and then 


CX) = {0 € OX) Va EX 0< chlr) <1- G(x) <1 -H(0)}, 

(3.6) 

i.e., each 0 = 1 — ¢ has its own lower bound, whereas the upper bound 

is one and the same for all such functions. Notably, by item (iii) of 
Assumption 2 it follows that each ¢ € Cy(X) satisfies 

p(z) > 1- ylz) > ô. (3.7) 


Let us prove that (@¢)(x) > d(x), holding for each @ € Cy(X). Indeed, 
by (3.4) we have 


(4) (2) = del oo, a fp LL oon to (3.8) 
Sei see 


see item (iii) of Assumption 2. Moreover, by (1.13) and (3.7) it follows 
that 


= jemi log(1 — 6, 
g(£) < - a log(1 — ay gee 


n=1 


Both (3.7) and (3.9) holding for all z € X. 
Now for T > 0, by CT we denote the Banach space of continuous 
maps [0,7] >t p: E€ Ch(X), equipped with the norm 


lellr = sup sup |y:(x)]. (3.10) 
te[0,T] rex 


We also set 


Ch = {p € CT : pi € Cy(X), t € (0, TI}, 
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and 
CEO) ={P EC: Go =o}, $ ECX). 


Obviously, the latter is a closed subset of CT. Thereafter, we define 


(Ky):(2) = vo(a)e* + f -(by,)(e)ds. (3-11) 


Proposition 3.2.1. Let n, introduced in Assumption 2 and T satisfy 
n,(1— eT) <1. Then for each ¢ € Cy(X), the map K has a unique 


fixed point y € CF ($). 
Now we consider the following nonlinear equation 


o 


gA) = —;(x) + (o+) (x), do = Q. (3.12) 


In a sense, it is a nonlocal analog of the log-Laplace equation — a 
standard object in the theory of branching processes, see, e.g., [21, page 
61]. By a solution of (3.12) we will understand a map Ry Ð t > & € 
C (X) which is everywhere continuously differentiable and satisfies 
both equalities mentioned therein. 


Lemma 3.2.2. For each ¢ € Cy(X), (3.12) has a unique solution 
try hi E Cy(X) which satisfies 


cg(t)p(x) = e *egh(z) < 1 — plx) =: Olx) < ylz). (3.13) 
For n, < 1, this solution tends to 6..(x) = 1 in the norm of © (X). 


Remark 3.2.3. By Lemma 3.2.2 and its proof (see (4.120)), it follows 
that the solution (3.12) — which is a nonlinear Cauchy problem in the 
Banach space C,(X) — is given by a continuous semigroup of nonlinear 
operators, say {p:}>0, in the form i = pilo), d: E Cy(X). If one 
writes œ € Cy(X) in the form ¢;(x) = exp(—g(x)y((x)), see (1.13), 
then the map g +> g also has the flow property, and hence can be 
considered as the continuous semigroup of nonlinear operators {r;}:>0 
such that ge = r:(go). It is known as the log-Laplace semigroup, see 
[21, page 60]. 


We conclude this subsection by establishing the following useful 
properties of the solution @y. 
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Lemma 3.2.4. Let ¢; = 1 — 0; be the solution as in Lemma 3.2.2. 
Then, for each t > 0, u > 0 and all x E€ X, the following holds 


(a) beru(ar) — br(22)] = |Orru(@) — A(a)| < 2up(x), (3.14) 
O) — [Gt4u(2) — ge(a)| < 2u/d., 
(c) |(@biru)(@) — (Poi) (x)| < 2un.my (a). 


3.2.2 Basic estimates 


In defining L, we employ a number of estimates which we derive now. 
To simplify our notations, for @ € Cy(X) we set, see (1.13), 


F°(y) = [] ¢(e) = exp (- Eewo) = Gy); (3.15) 
where G9(7) is as in (1.12). 


Proposition 3.2.5. Let F? be as in (3.15) with @ € Cy(X), see (3.6). 
Then, for each y € TĦ, the following holds 


2 
(o) 
paa < ee 


(3.16) 


where cy defines the lower bound in (3.6). By (3.16) it follows that 
LF’ € O (T*). 


As in (3.6) we do not restrict the lower bounds, the right-hand side 
of (3.16) can be arbitrarily large for small enough cg. 


Lemma 3.2.6. For a given E Cy(X), let dy be the solution of (3.12), 
see Lemma 3.2.2. Then, for eacht > 0, u > 0 and y € T”, the 
following holds 


Duett” 
Fret+u — Fh < : 
| (7) | < F 


Lemma 3.2.7. Let ¢, t andu be as in Lemma 3.2.6. Then there exists 
Cs > 0 such that, for all y € T”, the following holds 


Lee) = (DEP \y) |S Cee, (3.17) 
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3.2.3 The domain and the resolvent 


We begin by introducing 
E(T*) = E9(T¥),  E°(T*) := l.s.{F* : ġ € Ca(X)}, (3.18) 


where l.s. denotes linear span and the closure is taken in the Banach 
space Cp(T*), i.e., in 


IFI = sup |F(0)l. 
yer% 


With this norm, E(T*) becomes a separable Banach space. 


Remark 3.2.8. The set E°(I), and hence also Æ(T*), have all the 
properties stated in Proposition 1.1.7. This follows by the fact that 
the family {G” : v € V} mentioned therein is a subset of E?(T*), see 
(3.15). 

Since the map tH F* € C (T*”) is continuous and bounded (by 
one), for each \ > 0 the Bochner integral, see [3, Sect. 1.1, pages 6-15] 


+00 
Fé = i e^ Pid, $€ Cy(X), (3.19) 
0 


is the limit of the corresponding Riemannian integral sums. Hence, 
F? € E(T*) for each À > 0 and ¢ € Cy(X). Naturally, in (3.19) 
dı stands for the solution of (3.12), see Lemma 3.2.2. Furthermore, 
by (3.16) and (3.17) it follows that the map t = LF* e C(I”) 
is continuous and absolutely e~~dt-integrable for all A > 1. This 
observation leads us to the following fact. 


Lemma 3.2.9. For each ¢ E€ Cy(X) and à > 1, the following holds 
+00 
LES | eM EP di =F? = XR (3.20) 
0 
Proof. The first equality in (3.20) follows by the absolute integrability 


of tr» LF* € C(I”) as just discussed. The second one is obtained 
by integrating by parts. 


Set 
D(L) =1s.{F?: > 1, 6€ Cy(X)}. (3.21) 
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As has just discussed, we know that 
D(L) C E(T*) and L:D(L) > E(T*), 


where the latter follows by (3.20). In view of this, we can introduce 


|Fllz=lF+IZF I, Fe DL), (3.22) 
i.e., || - ||; is the corresponding graph-norm. Thereby, we define 
D(L) = DL), (3.23) 


where the closure is taken in the norm set in (3.22). 


Lemma 3.2.10. Tt follows that E°([’) C D(L). Therefore, D(L) has 
all the properties mentioned in Proposition 1.1.7. 


Corollary 3.2.11. The operator (L,D(L)) is closed and densely de- 
fined in the Banach space E(I). Its resolvent set contains (0, +00). 


3.3 The Result 


3.3.1 Solving the Kolmogorov equation 


Now we are prepared to solve the Kolmogorov equation (1.33), which 
we define as a Cauchy problem in the Banach space E(I'’), see (3.18). 
For a given F € D(L), by its solution we understand a map [0, +00) 3 
tts F, € D(L), continuously differentiable in F(T”), such that both 
equalities in (1.33) hold true. That is, we are going to deal with clas- 
sical solutions of (1.33), cf. [3, page 108]. 


Theorem 3.3.1. For each Fo E€ D(L), the Cauchy problem (1.33) has 
a unique classical solution t œ> F, E€ D(L). For n, < 1, this solution 


satisfies Fi(y) > F..(y), where F,.(y) = 1 and the convergence is to 
hold for each y ET”. 


Since F? € D(L), see Lemma 3.2.10, it might be quite natural to 
expect that the map t > F% is a solution of the Kolmogorov equation 
with the initial condition F%. It is indeed the case. To show this, we 
write 


AF = S(t) AF?, 
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and pass here to the limit A — +oo. Since S(t) is a bounded operator 
and ||AFŹ — F*||, + 0 as A — +00, we can do this and obtain the 
conclusion in question, i.e., 


Fe = S(t)F?, £20; ¢e Cy(X). (3.24) 


3.3.2 Solving the Fokker-Planck equation 


Now we may turn to the probabilistic part of the topic. Here it would 
be reasonable to recall that we use probability measures on I as states 
of the studied branching system. 


Definition 3.3.2. By a solution of the Fokker-Planck equation (1.34) 
we understand a map Ry 3 t+ m E€ P(T?) possessing the following 
properties: (a) for each F € B(T”), the map Ry StH m(F) € R is 
measurable; (b) the equality in (1.34) holds for all F € D(L), where 
the latter is defined in (3.23). 


Theorem 3.3.3. For each uo E€ P(I”), the Fokker-Planck equation 
(1.34) has a unique solution in the sense of the definition given above. 
Moreover, this solution is weakly continuous, i.e., lt = [ls as t > 
s E€ R. In the subcritical case, Ui = Uso as t + +00, where Uo is 
the measure supported on the singleton subset of T? consisting of the 
empty configuration, i.e., po (T?) = 1 


The proof of this theorem is based, in particular, on the following 
fact. 


Lemma 3.3.4. Let a map t +> u, satisfy condition (b) of Definition 
3.3.2. Then it also satisfies (a), and hence is a solution of (1.84). 


The proof of this statement in turn is based on the following result, 
which has its own value. 


Proposition 3.3.5. Lett u € P(T®) satisfy (1.34) for all ty, te 
and F € D(L). Then, for each F € D°(L), the map t œ> (F) ER 
is Lipschitz-continuous. The same is true also for F € E?(T”), see 
(3.18). 


A direct consequence of Theorem 3.3.3 is the existence of a Markov 
process with values in I’, that may be constructed by means of the 
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Markov transition function pt, see [24, pages 156, 157], determined by 
its values on {F° : bd € Cy(X)}, cf. Remark 3.2.8. These values are 
given by the following formula 


pI (F°) = F*(y), vel’, d=S(t)d, 


see (4.134). Then the uniqueness stated in Theorem 3.3.3 can be used 
to prove that such a process is unique up to modifications. Another 
observation is that, in our model, branching is the only evolution- 
ary act, whereas papers on branching in finite particle systems, e.g., 
[5, 14, 22,23], assume more such acts, e.g., diffusion in X. Such gener- 
alizations can also be done in our setting. 


Chapter 4 


Proofs 


In this chapter, we present the proofs of the most important theorems 
that have appeared in previous chapters. 


4.1 Proofs regarding the fission - death 
model 


4.1.1 Proof of Proposition 2.2.1 


To prove that operator L” can be written down as (2.17) we use the rule 
(1.35) which transform operator L in (2.1) into operator in question. 
Hence, the first summand in (2.1), using properties of Dirac measure, 
is convert into the following. 


rey yey\x 
= f X | ma) + YO ale - 9) | Foula) 
To LEY yey\x 
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Ginis i S | ma) + Y ale —y) | Inty \2)uley) 


-| S(me@+ E -o| ay 


We calculate the second part of the operator in the similar way, and 
hence, the second part of L* is 


(LE) (dn) ih S) b(xlyi, YMan (y \ x U {y1, y2} )dyidyou(dy) 
To rey (R4)2 


D 


By (4.1) and (4.2) we get L” = Li + Lf = A+ B, where A and B are 
given in (2.17). 


Jaaa? (x|yi, y2)dyidyzu(dn) (4.2) 
R4)2 


LEN 


4.1.2 Proof of Theorem 2.2.2 


To prove Theorem 2.2.2 we use the Thieme-Voigt perturbation tech- 
nique [50], the basic elements of which we present in Section 1.5 in the 
form adapted to our purposes. 

Proof of Theorem 2.2.2. Along with L” = A + B defined in (2.15), 
(2.17) and (2.18) we consider the corresponding operator in R, defined 
accordingly to the rule (1.38). Then Lt = At + Bt with 


(A'R)(n) = —W(n)R(n), (4.3) 
(BIR\(n) = f (a) + Be.) RlqUa)de 


> Dd Har.) Ry Ue \ {1 yo})de 


YLEN y2En\y1 
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the domain of which is, cf. (2.16), 
f w(a)|Ra)IAa) < oo} (4.4) 
0 


For R € Dİ N R+, by (1.32) and (2.15) we obtain from (4.3) 


Di ={RER: 


pr(B'R) = i. (Emo + enan) R(m)A(dn) (4.5) 


xen 


+f (> 


xEN 


f b(z|y, rand) R(n)A(dn) 
(R4)2 


Z | W(n) R(n)A(dn) = —pr(AtR). 


By (4.4) and (4.5) we then get that: (a) B': DÌ > R and B': 
Rt AD! > Rt; (b) yr((At + B')R) = 0 for each RE Rt ND". In 
the same way, we prove that the operators defined in (2.16) and (2.17) 
satisfy: (a) B: D> M and B : Dt — M7; (b) ym( (A+ B)u) = 0 for 
each u € D+. Thus, both pairs (A, D), (B,D) and (At, D'), (Bt, DÌ) 
satisfy item (i) of Proposition 1.5.2. 

We proceed further by setting 


(S(t)u)(dn) = exp(—t¥(n)) u(dn), pEM, t>0, (4.6) 
(S'()R)(n) = exp(~tt(n)) R(n), RER. 


Obviously, S = {S(t)}iso and St = {S1 (t)}>o are sub-stochastic semi- 
groups on M and R, respectively. They are generated respectively by 
(A, D) and (At, DY). Let My be either Mys or Myn and Ry be either 
Rys or Rym, as in Theorem 2.2.2. Clearly, the restrictions S(t)|m, and 
Sİ (t)r, constitute positive Co-semigroups. Likewise, B : Dy > My 
and Bt : Di —> Ry. Thus, the conditions in items (ii) and (iii) of 
Proposition 1.5.2 are satisfied in both cases. 

Now we turn to item (iv) of Proposition 1.5.2. By the definitions 
of functionals introduced in Section 1.4, we have 


aA == 1 (LF,)(n)u(dn), 


To 


Sp EE T E | (LF,)(n)R(n) (dn), 


To 


48 


where F\(7) is either equal to F,x(7) = e"l or Fy,,(n) = (1 + |n|)™. 
Then the condition in item (iv) of Proposition 1.5.2 is satisfied if, for 
some positive c and £ and all 7, the following holds 


(LFX)(n) + €W(n) < ex(In)). (4.7) 
For Fy (7) = Fyn (N), m € N, by (2.1) we have, cf. (2.15), 
(LEymn)(n) = —(M(n) + B*(n)) €m(Inl) + (6) lem (In| + 1)(4.8) 
én) <= (n+1)” — n” = nl + Glyn 


toia ama EI 
For Fy(n) = Fẹ (n), we have 
erra a (M() + E%()) (1 — e*) + (b)|nle(e — 1). 
By (4.8) the condition in (4.7) takes the form 


— (M(n) + E*(n)) (€m(lnl) — €)+() In| (em (nl + 1) + £) < e(n] a 
4.9 
since €,,(|n|) > 1. For € < 1, the validity of (4.9) will follow whenever 
c satisfies 
c > m(b) (27 +1). 


Hence, for y = Xm, all the conditions of Proposition 1.5.2 are met 
for both choices of € and the corresponding operators. Therefore, we 
have two semigroups: Sm and Sz, with the properties described in 
the mentioned statement. Then u = Sm(t)Ho is the unique solution 
of the Fokker-Planck equation with uo € D, which proves claim (a) 
of Theorem 2.2.2. At the same time, Ri = Sr(t)Ro(7) is the unique 
solution of 

R= R, Higa R € D’. (4.10) 


By (4.4) we have that R,, € Dt and uo € D are equivalent. By 
direct inspection one checks that ju,(d7) = Ri(n)A(dn) solves (1.34) if 
R, solves (4.10). Then the unique solution u; = Sm(t)uo of (1.34) has 
the mentioned form, which proves claim (c). 

To complete the proof we fix « > 0 and consider the trace of A in 
My«, cf. (2.17), defined on the domain 


Dy = fu E Myx: | Deut 


To 


A 


in) < o0}. 
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First, we split B into the sum Bı + By, where for A € B(To) we set, 
cf. (2.18), 


(Bip)(A) = | (Semen + E*(x,n\ x) JIa (n \ ») u(dn), (4.11) 


and 
(Bən) (A jas an b(x|y1, Y2) a(n \ zU (an) (dn). 
= (4.12) 
For u € D} := De NMT, from (4.11) we have 
T TE fe “sl (ey) ) + Ea, \ 2)]óns(dE)uldn) 
= $ er(l™I-D (M(N) + E%(n)) w(dn) (4.13) 


< =e "Pul AL). 


For r = e~*, by (4.13) we have that y,(A +7r71Biu) < 0 for each 
u € Dt. Then by Proposition 1.5.1 we obtain that (A + B,,D,.) 
generates a sub-stochastic semigroup Sù on Mys. For K’ € (0,4), let 
us show now that B2 acts as a bounded linear operator from Mys 
to Mw. In view of the Hahn-Jordan decomposition, it is enough to 
consider the action of By on positive elements of M,«. Since Ba is 
positive, cf. (4.12), for u € Myx, we have 


lBzullm = | on f DA bay y2)ðnzutu v (aE) dy dyoee(dn) 
To To 


ren 

2 fe nol i= b(xlys, yə)dyıdyən(dn) 

To xen 
= e" (b) í Injen Mern u(r) (4.14) 

0 
e" (b) 

< 
pits elk en K’) lall 
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Let (Ba)in : Myx > Ms be the bounded linear operator as just 
described. For fixed «K > 0, «’ € (0,4) and n € N, we set 
ki =k — (K — Kln, l=0,1,...,n. (4.15) 


By means of (4.14) and (4.15) we then have the following estimate of 
the operator norm of (B2)kıyırı 

e*n(b) 
e(K — K’) 
Next, fort > 0 and 0 < tn <--- < to = t, we consider the following 
bounded linear operator acting from Myr to M w 


Il( Ba) piel < (4.16) 


T t e = 1) Bea e iA e e a 


where S,,, is the sub-stochastic semigroup in My% generated by (A + 
B,,D,,). By the latter fact we have that se (t, t1,t2,---,tn) : Mys > 
Dx and 


d n n 
Ginn ts tay tay. tn) = (A+ BT (t,t, te,...,tn), (4.17) 
TGA leith) = Bs ie as a esta): 


As (Bo) inn iS the restriction of (B2, Dw) to My*n-1 C Dy and 
ie ine otn) : Myx > Dw, the second line in (4.17) can be 
rewritten as 


PCE net VSB E ana: (4.18) 


On the other hand, since all the semigroups Sẹ, are sub-stochastic 
and (B2),/, are positive, by (4.16) we get the following estimate of its 
operator norm 


[Oa tl = (— | (4.19) 
e 


(k-k 


We also set T = Sw (t)|m s; and then consider 


Qw'nlt) -5f [- a: Gti caso Valet 5 T 


(4.20) 
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By (4.19) we conclude that the series in (4.20) converges uniformly on 
compact subsets of [0, T(K, «’)), see (2.19), to a continuously differen- 
tiable function 


(0, T(k, K')) Ət Qenlt) = L( Myx, Myr), 


where the latter is the Banach space of all bounded linear operators 
acting from Mys to M, s. By (4.17) and (4.18) we obtain 


L Quia(t) = (A+ Bi + Ba)Quialt) = L¢ Quilt) (4.21) 


Thus, assuming that po E My« we get that fy := Qyx(t)Mo, for t € 
[0,T(K,#")), lies in M,,. and solves (1.34). Therefore, ñ, coincides 
with u = Sm(t)uo, which completes the proof. 


4.1.3 Proof of Proposition 2.3.1 


Our aim here is to transform the Kolmogorov equation (1.33) with L 
given by (2.1) into the problem (1.36). Recall, that generators L and 
LÔ are related to each other by the formula (1.37). The observable F 
is given by the expression, cf. (1.14), 


Fy) =[[0 +0), oeo. 


TEY 


Let (LF)(y) = (L1 F) (7) + (L2F) (7), where 


(LiF)(y) = J met J =y | FaR 


rey yey\z 
(LPO = D f elm [EON eU {u = FO) Ad 
Then 
fF) u(dy) = Dea b(z|y1, y2) 


x| I 0+0) -0 +4) | ayrdyou(ay) 


zey\xU {yi yo} zey 
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na Re)? b(xlyi, y2)T T(Y, T, Yi, y2\dyıidyzu(dy), 


where 
T(z yny) = (1+0) +w) [ð 0+0) 
zEŅ\T 
—(1+6(z)) [] 0+0) 
zey\x 
= [| A+ (2) OG) + Oy) + 01) O(y2) — O(a)] 


zey\x 


Then we may write (LoF)(y) = 2(LoiF)(y) + (Le2F)(y) — (Lo3F)(7), 


where 
aD = D f Menon) TI OHO dnds 
rey zey\x 
MPO) = D f, euw) TE OHO dnd 
TEY ZEŅ\T 
EDD Ja zly) [I + 06)0le)dndy 


TEY ZEŅ\T 


Hence, by direct calculations based on the definition of Lebesque- 
Poisson measure and formulas (1.24), (1.31) and (1.32) we get the 
following. 


[GasPyQ)may = 
r 
- {> | (zly) TI (1 + 0(2))0(en)dysdyspu(dy) 
LEY zey\x 
= iS J} b(xly1, y2 DA I] % A(z) O(y1 )dyidyou(dy) 
LEY (R4)? NEC zEy\T 
= D2 | blz y) > TP dudy) 
LEY (R9)? NCY zey\xUy1 


o 5 beln) T| 62)dndyep(dy) 


ncy £eEn zen\xUy1 
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a ey es b(xlyi.ye) [| 9(2)dyidye ku(n) Ada) 


LEN zen\xUy1 
e 


i= b(xly1, y2) | [ O(2)kyuln \ y1 U x)dysded(dy) 


0 yen zen 


| 
— 
tS 
XB 
ran 
> 
Na 
—— 
wa 
> 
— 
a 
3 
wa 


(L3k)(n) = a b(aly1, y2) ) [Lome (n \ y1 U x)dyzdz. 


vien” (Re zen 
In analogical way, we may obtain parts los Los and L4, which yields 
(2.20). 
4.1.4 Proof of Proposition 2.3.2 


For a’ < a, by means of (1.30) and the inequality (2.21), we obtain 
from (2.20) the following estimates 


Akla < esssup e7" (n)|k(n)] 
nETo 
< (œ + (b) + a") ess sup []n]2e=6=0m | Jikle 
nETo 
_ Alm" (b) +a") lle 
e?(a — a’)? a 
|ASElla < ess sup el x ba b(x|yi, y2)lk(n Ux \ {y1, yo}) ldx 


r 
ne To wen yen\y 


("ess sup [Impe idee] ) a 


nel 


IA 


AB*e —a! 
= Ilha 


e(a — al)? 
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|Bklla Z sspe | B%(x,n)\k(n U z)|dz 
nelo R4 
< (ta) esssup [lense] ) hela 
nETo 
laje” 
sne a 
ela — a’) 


Bho < Qesssupeel |S belyn yalen U 2 \ sn)lduade 
nETo (Ra) a 
po 2(b) 
z e] I, = pi 
< (ta) esssup [ie] ) Jilla = 2 Ia 


The above estimations yield 


m* + ra EE e + 2(b) 
e(a — a’)? '  e(a—a’) 


|Lklla < (4 ) Weller. (4.22) 


Then we may define a bounded operator Eee : Ky —> Ka with the 
norm (2.24) which can be estimated by means of (4.22). 


4.1.5 Proof Lemma 2.3.3 


We begin by constructing a semigroup, predual to that mentioned in 
item (i) in the sketch of the proof of Lemma 2.3.3. 


The predual semigroup. For a € R, the space predual to Ka is 
Ga := L! (To, eld), (4.23) 


which for a > 0 coincides with R, defined in (1.41) with x(n) = e°” 
Here, however, we allow a to be any real number. The norm in Ga is 


IGla= | |G(m)le*" (dn). (4.24) 


To 
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Clearly, |Glw < |Gl_ whenever a’ < a. Then Ga > Gw, and this 
embedding is also dense. In order to use Proposition 2.1.2 we mod- 
ify the operators introduced in (2.20) by adding and subtracting the 
term v|n|. This will lead also to the corresponding modification of the 
predual operators. Thus, for an appropriate G : T'o —> R we set, cf. 
(2.15), 


(AG) = -VGO =~ (ol + E0) + Mn) + Om) GO), 
AG) = E f CO\rUn Uven adits, (425) 


Da = {G :E Ga : VG E Ga}. 
By Proposition 2.1.2 we have that 
Yan) > wE’ (n). (4.26) 


The operator (Aw, Da) is the generator of the semigroup So = 
{Soa }t>0 Of multiplication operators which act in G, as follows, cf. 
(4.6), 

(So,a(t)G)() = exp (—tW.()) G(n). (4.27) 
Let Gt be the cone of positive elements of Ga The semigroup defined 
in (4.27) is obviously sub-stochastic. Set DE = Da N G}. By (1.32), 
(4.24) and (4.25) we get 


|AsGla =; | e“Ml|( AG) (m |A(dn) (4.28) 
S T eam | >» IG(n\ z U y1 U y2)|b(xly1, yo)dyrdy2A(dn) 
To (R4)2 teh 
= f |: >O D eGo, y2)drA(dn) 
To JRI veneni 


— ee l ehl Ey(n)|G(n)|A(dn) 


< (2? (a) | A vGla- 


The latter was obtained by (4.26), see also (2.3). The next statement 
summarizes the construction of the predual semigroup in question. 
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Lemma 4.1.1. Let v and w be as in Proposition 2.1.2 and Aiw, A2 
and Da be as in (4.25). Then for each a > —logw, the operator 
(Av, Da) := (Ary + A2, Da) is the generator of a sub-stochastic semi- 
group Sa = {Sa(t) beso on Ga. 


Proof. We apply Proposition 1.5.1 with E = Ga, D = Da and A = Av. 
For some r € (0,1) (which will be chosen below), we set B = r~'Ag, 
which is clearly positive. By (4.28) B is defined on D,. To show that 
(1.46) holds we take G € Dt and proceed as in (4.28). That is, 


f ((Aiy + ra) Q) (eiA = — i: T(G A(n) 


To 


tr ay G(n\ £ U {y1, yo})d(alyr, yoe*!dyrdy2d(dn) 
To ren (R¢)? 


2 f (vinl + E%(n) — rte- B4(n)) G(n)e"!A( dn). 


Now, for a > —logw, we can pick r € (0,1) in such a way that 
r-te-* < w, which by Proposition 2.1.2 implies that (1.46) holds for 
this choice. Then the operator A;,, + r(r~'Ag) satisfies Proposition 
1.5.1 by which the proof follows. 


By the very definition of the sub-stochasticity of Sa we have that 
|Sa(t)Gla < |G|, whenever G € G*. Let us show now that the same 
estimate holds also for all Œ € Ga. Each such G in a unique way can 
be decomposed G = Gt — GT with G+ € G}. Moreover, by (4.24) we 
have that 


Gla = l ehi (G*(n) + G=0)) Man) = |G*la + |G- la. 
Then 


|Sa(t)Gla |Sa(t)(Gt = Gh < (Salt) G |a + EG |a 
|(G+]a + |G la = |Gla- (4.29) 


IA 


The sun-dual semigroup. Let Sa(t) be an element of the semigroup 
as in Lemma 4.1.1. Then its adjoint S*(t) is a bounded linear op- 
erator in Ka. Clearly, {S*(t)}is0 is a semigroup. However, it is not 
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strongly continuous and hence cannot be directly used to construct 
(classical) solutions of differential equations. This obstacle is usually 
circumvented as follows, see [46]. Set, cf. (1.27), 


Dt = {k € Ka : Ik € Ka VG E€ Da (ALG, k) = (G, by}. 


Then the operator (A*,D*) is adjoint to (A,, Da). It acts as follows 


(Avk) (0) =Y.(n)k(n) 


i me 3 k(n U x \ {yr yo} )O(@] 41, y2)dz. 


YLEN y2EN\y1 


+ 


By direct inspection one obtains that Kw C D* whenever a’ < a. Let 
Qa be the closure of D} in Ka. Then we have 


Kw C D C Qa G Ko, al <a. (4.30) 


pera 


Now we set 
De ={keED*: Ak € Qa}, 


and denote by A® the restriction of A* to DS. Then (A9, D2) is the 
generator of a Co-semigroup, which we denote by SE = {S°(t)}iso. 
This is the semigroup which we have aimed to construct. It has the 
following property, see [46, Lemma 10.1]. 


Proposition 4.1.2. for each k E€ Qa and t > 0, it follows that 
|ISO@klla = ||S*@EKlla < |lklla. Moreover, for each a’ < a and 
k € Kw, the map [0, +00) StH SO(t)k E€ Qa is continuous. 


The estimate ||S%(t)k|a < ||K|lq is obtained by means of (4.29). The 


continuity follows by (4.30) and the fact that SẸ is a Co-semigroup. 


The resolving operators. Now we construct the family of operators 
{Qaa (t)} such that the solution of (2.26) is obtained in the form k; = 
Qaza (t)ko. This construction, in which we employ S®, resembles the 
one used to get (4.20). We begin by rearranging the operators in (2.20) 
as follows 


L^ = A^ + Bô = AÎ + BÊ, (4.31) 
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where AD = Af, + AP, see (4.25), and 
By = Bo PES, (4.32) 


v 


(By,k)(n) = (Bòk)n) + vln|k(n) 


2 f X b(aly1, y2)k(n U z \ yı)dædyz + v|n|k(n), 
Ra 2 


yı En 


whereas BÔ is as in (2.20). By means of (4.32), for a € R and a’ <a, 
we define (B4)aa € L(K, Ka) the norm of which can be estimated 
similarly as in (2.24), which yields 


[Bda < EHE 


U 


(4.33) 


Now let B be either Bô or Be and Baa be the corresponding 
bounded operator. Then, cf. (4.33), 


w(a; B) 


[Baul] < AO, (4.34) 


where 
wla; BS) = 2(b) +v + laje, w(a; BS) = 2(b) + v. (4.35) 


For some ay, œz such that a1 < a2, we then set Naya, (t) = SE, Elka 
t > 0, where SẸ is the sub-stochastic semigroup as in Proposition 
4.1.2. We also set Zasa (0) to be the embedding operator Ky, > Kay. 
Hence, see Proposition 4.1.2, the operator norm satisfies 


[Ea (2) || < 1, t > 0. (4.36) 
We also have 


Daza (t) = Zasa (0) SF (t), (4.37) 


a1 
Yasar (t + s) _ Magar (f) ener (s), a3 > Q2, 
holding for all t,s > 0. Moreover, 


d 


qea (t) T AP Ea (t), 
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which follows by Lemma 4.1.1 and the construction of the semigroup 
SO. Now we set 
Q2 — Ay, 


T(&z, 01; B) = wlaz B)’ 


(4.38) 
see (4.34), (4.35), and also 


A(B) = {(a1,a2,t) : —logw < ay < a2, t € [0, T (a2, a1; B))}. 
(4.39) 
Note that T(a2,a1; BÂ) coincides with T (az, œ1) defined in (2.27). 


Lemma 4.1.3. For both choices of B, there exist the corresponding 


families {Qaza (t; B) : (a1, a2,t) E A(B)}, each element of which has 
the following properties: 


(a) Qaza (t; B) el Kai Kaa); 


(b) the map [0,T(a2,a1;B)) 3 t > Qara (t; B) € L(Ka,,Ka,) is 


Continuous; 
(c) the operator norm of Qasa (t; B) € L(Ka,,;Ka,) satisfies 


T (a2, a1; B) 
(Qo, Q1; B) = {> 


lQaza (ti B) Sz 


(d) for each a3 € (a1,Q2) and t < T (a3, a1; B), the following holds 

d 

qee (t; B) a (Chere + Bosas )Qasai (t; B), (4.40) 

which yields, in turn, that 

d A A A 

gealt B; ) = LaQazon (t; B; ) (4.41) 
d 

qea lt B) = (AP as T (Be aa) Gaali B>,), 


where LÂ is as in (2.26), see also (4.31), and (BẸ )a, denotes 
(Bev D), see (2.22). 
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Proof. Fix some T < T(a2,a1;B) and then take a € (aj, @2] and 
positive 6 < œ — qa, such that 


a-a,—6 
LS 
° Bla; B) 
Then take some / € N and divide the interval [a;, a] into 21+ 1 subin- 
tervals in the following way a; = a°, a = a”! and 
1 
a =a, + qe + se, ast? = ay + Bi Ô + se, (4.42) 


where € = (œ — a — ô) /l and s = 0,1, ...,l. Now for 0 < ti < t1 < 
tı < to := t, define 


IO (t ti, tz -ty B) = Zaoa (t — ti )Baziaz-1i Deis), — ti-s41) 


aa, 


xX Bazsa2s-1 Ua3a2 (ti_-4 — ti) Biggie: (ti). 
(4.43) 


By the very construction we have that II), (t, ti, t2, cet B) E€ L(Ka, Kor), 
and the map 


(ttit r TID, tta wat B) 


aa 


is continuous (Proposition 4.1.2 and the fact that each Bazsa2s-1 is 
bounded). Moreover, by (4.36) and (4.34) we have 


l l 25 
(1) . wla ; B) 
[Mia (t, ti, to, -o tr; B) || < II |Ba2sa2s-1 || < II ela?s = a2s-1) 


(E) < (am) 


dig2s+1q2s (tı g m~ bias 1) = dig2st1q2s (0) SS, (big a, ti-s+1): 


Q 


IA 


By (4.37) we have that 


Taking the derivative of both sides of the latter we obtain 


d 
Getta (t) = (Ad) azsa Daras (t) = CAS 


U 


Ja2s+1 D g2s+lg2s (t), 
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holing for each a” € (a?*, a?°*'), Here (A4), stands for the unbounded 
operator defined in (4.25). Then we obtain from (4.43) the following 


d 
Fut (ts fy to,- tn B) = AD) oll Eis tod, tf B)’ (445) 
(AS) oI, (t, t1, ta, -.., ti; B): 


Now we set 


Orat B= Eal Hf T i TI (t, ti, tz,- ti; B)dty...dty. 


(4.46) 
By (4.44) the series in (4.46) converges uniformly of compact subsets 
of [0, T5), which proves claims (a) and (b). The estimate in (c) follows 
directly from (4.44). Finally, (4.41) follows by (4.45), cf. (4.21). 


By solving (4.40) with the initial condition Qasa: (t + s; B)l=0 = 
Qazaı (83; B) we obtain the following ‘semigroup’ property of the family 
open (t; B) : (a1, Q2, t) E A(B)}. 


Corollary 4.1.4. For each a € (a1, œ2) and t,s > 0 such that 
s < T(a,œı; B), t<T(a2,a;B), t+s< T(az2@1;B), 
the following holds 


Qaza lt + 5; B) = Qazalt; B)Q ea, (5; B). 


Remark 4.1.5. Since BÀ, is positive, by (4.43) we obtain that 
Qasa, (t; BAL) : Kł, > Kz,. This positivity will be used to make 
the continuation of ką to all t > 0. It is the only reason for us to 
use Qasar (t; BS,) since BD is not positive, and hence the positivity of 
Qaza: (t; BS) cannot be secured. 


Proof of Lemma 2.3.3. Set 
Qaar lt) = Qoa (t; BÂ), t< T(az, a1; BÀ) =T(az,a1) (4.47) 


Then the solution of equation (2.26) is obtained by setting 
kt = Qasa (t)ko, which definitely satisfies (2.26) by (4.41) and (4.37). 
To prove its uniqueness we proceed as follows (cf. the proof of Lemma 
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4.8 in [34]). Assume that k; and kı are two different solutions of (1. 36) 
with the same initial conditions and ky E DÊ . Then w, := ke — ky 
with zero initial condition is a solution in ke for each a3 > @ and 
t < T (œs, a1). Therefore, it takes the form 


t 
p= f Yasa(t — s)(BÊ)aarwsds, a € (do, 0). (4.48) 
0 


Now for a given n > 1, we split interval a2, a3] into 2n + 1 subintervals 
la, a’), where 


al = as — le, where € = Sa and l = 0,1, ..., 2n. 
n 


Then we reintegrate formula (4.48) n times and obtain 


F fie 7 ie Xazar- (t — ti) (BÊ) pet oes X.. X 


x Ne2at (tn—1 — iS Be Jataz OG edt: 
Since ws is considered as an element of Kaz, we get that, see (4.35), 
1 /n\” wla; BS 
berle < 5 (2)" (ZEZA) sup [erlar 
nmi \e Q3 — Q2 s€(0,t] 


which yields that w; = 0 for 
a3 — Q2 
2w(a; BA) 
To prove that w, = 0 for all t, we need to repeat this construction due 
times. 


t< 


Before proceed further, we prove some corollary of Lemma 4.1.3 
related to the predual evolution in Ga, see (4.23). Let Sa be the semi- 
group as in Lemma 4.1.1. For a’ > a, let Saa (t) be the restriction 
of Salt) to Gw —> Ga. Along with the operators defined in (4.25) we 
consider the predual operators to BÂ, see (2.20) and (4.32). That is, 


Vv?) 


they act 
(BiG)(n) = -—>°G(y\2)E(a,n\ 2), 
(By Gn) = ae S Gina U nible waddvidye + vnet). 


2 tEn 
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By means of these expressions we can define bounded operators acting 
from Gy to Ga for a’ < a. It turns out that the estimate is exactly as 
in (4.33), that is, 


2(B) +u ++ lae” 
ela — a’) 


II(Be)arel| = 


Recall that A(B4) is defined in (4.39). For (a2,a1,t) E€ A(B4), let 
T < T(a2,a1) be fixed. Then we pick a € [a;,a2) and ô < a — a 
such that T < T(az,a+ 6). Then, for some l € N, set, cf. (4.42), 


s+1 
Qo, = Q2 Oise. Q&T! = ag — — ô — se, 


s 

I+1 
where € = (ag — a — ô)/l. Then for 0 < t <--- < tı < to := t we 
define, cf. (4.43), 


2, (t, bitigi ty) = Swear! (t = t1)( By) g2tg2t-1 S$ g21-1¢21-2 (t1 = t2) x 
x Dasa? (tia = ti) (Bo)aza1 Satay (tı). 


Thereafter, we set 


Si t ti ti—1 
Haalt) = Salt) || i: of QO) (t,t, --, tn)dtıdtı-1 +++ dti. 
l=1 


(4.49) 
Then exactly as in the case of Lemma 4.1.3 we prove the following 
statement. 


Proposition 4.1.6. Each member of the family of operators {Haa (t) : 
(a2,a,t) E€ A(B4S)} defined in (4.49) has the following properties: 


(a) Hoaas(t) E€ L(Gas;Ga), the operator norm of which satisfies 


T (a2, a) 
laa l Se 


(b) For each k € Ka and G € Gan, it follows that 


(G, Qaza(t)k)) = (Hao (t)G, k). (4.50) 
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4.1.6 Proof of the Identification Lemma 2.3.4 


In the proof of the Identification Lemma, we follow the steps given in 
the sketch of the proof below the Lemma itself. 
Auxiliary evolutions. For ø > 0 and x € R, we set 


Pol £) = exp (- o|x|*) (bc) = R Oster yaa (4.51) 


bg (xl yi, y2) = (xly1, Y2)bo(Y1)Go(Y2): 
Then we consider 
LA” = AA? 4 BAP = ASS + BAS, (4.52) 


which we obtain from the corresponding operators in (2.20) and (4.31), 
(4.32) by replacing b by bo given in (4.51). Since this substitution does 
not affect DÂ, see (2.22), we will use the latter as the domain of the 
corresponding unbounded operators. Then we repeat the construc- 
tion as in the proof of Lemma 4.1.3 and obtain the family {QZ ., (t) : 

(a1, Q2,t) E€ A(BA)} corresponding to the choice B = B*?. Along 
with the evolution t +> QZ,a, (t)ko we will consider two more evolutions 
in L®- and L}-like spaces. The latter one is positive in the sense of 
Proposition 1.2.5 by the very construction and is related somehow with 


the L°-like evolution, which, in turn, coincides with t ++ Q%..,, (t)ko. 


L®-like evolution. For u : To — R, we define the norm 


lulloa = ess sup EL ex DA (4.53) 
nETo elo; n) 
where 
e(o; n) =|[¢.(2) = exp (5 ee) ; 
ren zren 


cf. (1.24). Then we consider the Banach space Usa = {u : To > R : 
llulla < co}. Clearly, 


Usa => Ka, aER. (4.54) 


The space predual to Usa is the L'-space equipped with the norm, cf. 
(4.23), (4.24), 


IGloa = | [G| exp(aln|e(Go;n)A(dn). (4.55) 


To 
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In this space, we define Af, which acts exactly as in (4.25), and Ag 
which acts as in (4.25) with b replaced by b,. Their domain is the same 
Da. Then like in (4.28) by means of (1.32) and (4.55) we obtain 


ASGloa = T (= | | ta zU (nr onan) 
To R4)2 


ren 


x exp(a|7|)e(¢.;7)A(dn) 
=e" | q [GU {11.42} [ble vo)On (ery dy 
To (R4)3 
x exp(a|7|)e(¢.;7)A(dn) 
ze (= IG(nU {y1, y2} 182 — mn )elho; n U (vya) end 
x exp(a|n|)A(dn) 


ser f E?(M)|G)le elha; n)A(dn) 


<(e-#/w) f erli (n)|G(n) eos) (dn) 


=(e°*/w)|AT,Glea- 
This allows us to prove the following analog of Lemma 4.1.1. 


Proposition 4.1.7. Letv and w be as in Proposition 2.1.2 and AJ „, 
AS and Da be as just described. Then for each a > —logw, the oper- 
ator (A, Da) := (Af, + 43, Da) is the generator of a sub-stochastic 
semigroup So = {So alt) }iso On Goa. 


Let Sea be the sun-dual semigroup, the definition of which is pretty 
analogous to that of S©, see Proposition 4.1.2. Then, for a’ < a, we 
define U?..(t) = S2.(t)|u,,,- As in Proposition 4.1.2 we then get that 
the map . 

[(0, too) StH Xlv (t) E LUs at, Usa) 


aa! 


is continuous and 


|| dae a (€) || < 1, for all t > 0. 


a,a’ 
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The operators B47 = BS” + BÂY œ act as in (4.32) with b replaced by 
bo. Then we define the corresponding bounded operators and obtain, 
cf. (4.33), 


2(b) +v + (a)e* 
ela — a’) 


Bo awl] < 


Thereafter, we take ô > 0 as in Lemma 4.1.3 and the division as in 
(4.42), and then define 


TES itis tos ab) Sa =t (BS aaia aigas lti isi) 
x (BOP?) a2sa2s-1 tee Daga (ti-1 a t) (BO?) aza Saas (ti), 


As in the proof of Lemma 4.1.3 we obtain the family {UZ œ, (t) : 
(a1, a2, t) E€ A(B4)}, see (4.39), with members defined by 


Ussa (t )= eset )+ oy ie ee Tt (t, ty, to, ..., t)dty...dty, 


where the series converges for t < T (az, a) defined in (2.27), cf. (4.38) 
and (4.47). For this family, the following holds, cf. (4.41), 


d 


dt —U Sao (t )= LU a ), (4.56) 
where the action of of L7, is as in (4.52) and the domain is 
Diy = (tk € Una TU € Una, C De, (4.57) 


where the latter inclusion follows by (4.54) and (2.22). Then by (4.57) 
we have that 
(LoD et De, (4.58) 


a,u? 


Now by (4.56) we prove the following statement. 
Proposition 4.1.8. For each az > a; > —logw, the problem 


se ne! yu urli=0 = Uo E€ Usa, (4.59) 
has a unique solution us E€ Usa, on the time interval [0,T (a2, a1)). 


This solution is given by uw = UZ, a, (t)uo- 
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Corollary 4.1.9. Let ag > a; > —logw be as in Proposition 4.1.8 
and QZ a (t) be as described at the beginning of this subsection. Then 


Q201 


for each t < T (œz, a1) and uo € Ugo, C Koa, it follows that 
Case (t)uo = Qa (t)uo. (4.60) 


Proof. By (4.58) we get that the solution of (4.59) is also the unique 
solution of the following “o-analog” of (2.26) 


. A,o yan 
Ùt = Las Ut,  Ueli=0 = Uo, 


and hence is given by the right-hand side of (4.60). Then the equality 
in (4.60) follows by the uniqueness just mentioned. 


L}-like evolution. Now we take LA” as given in (4.52) and define 
the corresponding operator I in Gy, V € R, introduced in (4.23), 
(4.24), with domain Dy given in (4.25). By (4.52) and (2.20) we have 
that AD : Ds > Gy. Next, for q € Dy, we have 


|Ay ale 


s w T XE lalnve\ (o1.92})bolaly-ye)de | Aan) 


YLEN y2en\y1 


2 | oolni+29 / unua) ( / Melu vabdndy ENG 
To Rd (R4)2 


= (bye” | |nle”™"|a(m)|A(dn) 


To 


za i) W(n)e""l\q(n)|A(dn), (4.61) 


see item (iii) of Assumption 1 and (2.15). Hence, AS"? : Dy > Gy. 
Next, for the same q, we have 


Bêd < f (f lanUa)E" ende) Adn) (4.62) 


=e? f ehl B4(n)|g(m)|A(dn) < e” Y(n)” |q(n)|A(dn). 
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Hence, BA : Dy —> Gy. Finally, 


IBS qly < 2 | e?lnl (/ ` la(n J) ond) (dn) 
To R4)2 


y1en 


<2 f ernie ( [lene 1))(clyasue)dzd de) \dn) 
To (R4)3 


= 20) f e'ill < f Y(n)” laln) Aldn). 
i ý (4.63) 


Then by (4.61), (4.62) and (4.63) we conclude that, for an arbitrary 
V E R, LA? = AS + AD? + Bô + BS maps Dy to Gy and hence can 
be used to define the corresponding unbounded operator (EE sD). 
Let us then consider the corresponding Cauchy problem 


n= Ee Ge d|t=0 = Go € Do. (4.64) 
Recall that Gy C Dy for each YW > V. 


Lemma 4.1.10. For a given V > 0 and V > V, assume that the 
problem in (4.64) with qo E€ Gy has a solution q E€ Gy on a time 
interval |0,7,). Then this solution is unique. 


Proof. Set 
wln) = (-1)"a(n). 


Then [wilo = |qlo and q solves (4.64) if and only if w; solves the 
following equation 


iy = (at ee cee see B) We. (4.65) 


By Proposition 1.5.1 we prove that (Aŝ — BÂ, Do) generates a sub- 
stochastic semigroup on Gy. Indeed, (AS, Dy) generates a sub-stochastic 
semigroup defined in (4.27) with v = 0, and —B¢ is positive and de- 
fined on Dy, see (4.62). Also by (4.62), for w € Gf and r € (0,1), we 


69 


get 


| ell ( (AS — r1 BA) w) (n)A(dn) = — 1 e™ lB (n)w(n)A(dn) 


To 


pro a evinl cE w(n Ua)E"(e,na) A(dn) 


Xe f e”my (n jw(n)Aldn) + rhe f oP F°(n)w(n)X(dn) 


Sere") 1 W(n)e""w(n)A(dn) < 0, 


where the latter inequality holds for r € (e~*,1). Therefore, (AS — 
BA, Ds) = (AS — rr! BS, Do) generates a sub-stochastic semigroup 
Vo = {Vo(t) }:>0 on Gy. For each 9” € (0,0), we have that Gy > Gør. 
By the estimates in (4.61) and (4.63), similarly as in (4.33) we obtain 
that 


b) 
A wlan < 

2(b) 
Bo le < 


which we then use to define a bounded operator C&S : Gy 4 Gor. It 
acts as sA + Bee and its norm satisfies 


cas < 2" (4.66) 


Cae oe 
Assume now that (4.65) has two solutions corresponding to the same 


initial condition wo. Let v; be their difference. Then it solves (4.65) 
with the zero initial condition and hence satisfies 


t 
= J Von (t — s)\CO no usds (4.67) 
0 


where v in the left-hand side is considered as an element of Gy” and 
t > 0 will be chosen later. Now for a given n € N, we set € = (J—0")/n 
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and X = 9 — le, 1 = 0,...,n. Next, we iterate (4.67) due times and 
get 


t ty tn—1 
v = i / ee / Vor (t — O vat Vogn-1 (ty —_ ey oer are 


X06 X Von (tr 1 — tn) CR 1 gti, tn +++ dey. 


Then we take into account that Vg is sub-stochastic, Ord are positive 


and satisfy (4.66), and thus obtain from the latter that v; satisfies 


1 pny / 3tlb) \" 
velo” < nl ( ) ( (8) ) sup |Us|9- 


e ð — o" s€(0,t] 


Then, since n is an arbitrary positive integer, for all t < (J — 0”) /3(b) 
it follows that v; = 0. To prove that v; = 0 for all t of interest one has 
to repeat the above procedure appropriate number of times. 


Let us now take u E€ Usa with some a € R, for which by (4.53) we 
have 


lu] < lulleae elon). 


Then the norm of this u in Gy can be estimated as follows, see (4.51), 


IA 


|u| 


ella f exp ((a+¥)|n|) e(@o,m)A(dn) (4.68) 
lullo exp ((a + 9) (ġ)) . 


This means that Usa —> Gy for each pair of real a and ð. Moreover, 
for the operators discussed above this implies, cf. (4.58), 

TD VEL e Dy: (4.69) 
Corollary 4.1.11. Let a, and ag be as in Proposition 4.1.8. Then for 


each qo E Usa, the problem in (4.64) has a unique solution qi E€ Usaz, 
t < T(a2,a1), which coincides with the unique solution of (4.59). 


Proof. By (4.69) we have that the unique solution of (4.59) u, solves 
also (4.64), and this is a unique solution in view of Lemma 4.1.10. 
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Local approximations. Our aim now is to prove that, cf. Proposi- 
tion 1.2.5, the following holds 


(G, Qaror (t)ko) 20, Ge Bio), (4.70) 


for some t > 0. By Corollaries 4.1.9 and 4.1.11 to this end it is enough 
to prove (4.70) with Q2,,,,(t)ko replaced by qj. To get the latter we 
use local approximations of this q. 

Let uo € Pexp(T) be the initial state of our model. For a compact 
A, let u$ € P(T,) be its projection to F4 defined in (1.16). Finally, 
let RA be its Radon-Nikodym derivative, see (1.25). For N € N and 
n € To, we set 


R(n), if 7 €T, and <N; 
nrod ay tee ý (4.71) 


0, otherwise. 


Let us stress here that RA whereas Rj” is defined on To. Until the 
end of this subsection, A and N are fixed. 

Having in mind (1.26) we introduce the following function qo : Fo > 
R+ 


an) = | RE MUON) (4.72) 
For G € B% (To), by (1.28), (1.32) and (4.72) we have 

(Gay) = (KG, Ry) > 0. (4.73) 
By (4.71) it follows that RY € R+ and || Rẹ" ]||r < 1. Moreover, for 
each K > 0, we have, see (1.22), 


Ro llr = | eRe" (n)A(dn) < e" |R Ilr Se". (4.74) 
A 


Let S% be the stochastic semigroup on R constructed in the proof of 
Theorem 2.2.2 with b replaced by bs. Recall that the solution of (4.10) 
is obtained in the form R; = Sr(t)Ro. For t > 0 and ø as in (4.70), 
we set 


Re" = SA (e)Ry™, (4.75) 


d"(n) = f RANMUEJA(E), 7 €To. 
To 
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Proposition 4.1.12. For each ð € R and t < Ta := [e(b)(1 + e”)|"?, 
it follows that qn € G}. Moreover, 


(Gg) = 0 (4.76) 
holding for each G € By (To) and all t > 0. 


Proof. Since S% is stochastic and Re is as in (4.71), then RAY E€ Rt 
for all t > 0. Hence, q(n) > 0 for all those t > 0 for which the 
integral in the second line in (4.75) makes sense. By (2.19) we have that 
T(k,k’), as a function of «, attains its maximum value Tọ = e~” /e(b) 
at k = Kk’ +1. By (4.74) we have that R&” € Rys for any K > 0. Then 
by Proposition 1.5.2 it follows that, for each « > 0, REN € Rye for 
t < Tk. Taking all these fact into account we then get 


Ny = | eMlnlg™ (n) \(dn) (4.77) 
0 


| f ell RAN (n U EJAldn)AldE) 


I (1+ e?) RAN (nN) Ady) = WRB llr 
0 


with « = log(1 +e”). For these « and V, we have that T,, = Ty. Then 
by (4.77) we have qê N € Gy for t < Ttg. The existence of the integral 
and the validity of the inequality in (4.76) follows analogously to that 
in (4.73). 


Corollary 4.1.13. For each a € R, it follows that Gat E€ UZa- 


Proof. Set In(n) = 1 whenever |n| < N and Iy(7) = 0 otherwise. By 
(4.71), (4.72) and (1.26) we have that 


a(n) < Iso)ir 0) f Roln U €)A(dE) < ko() In (7) Lr, (7). 
Ta 

Since ko = kuo for some uo E PexplT), by Definition 1.2.3 and then 

by (1.21) we have that ko(7) < ||kl|a exp(ao|n|) for some ag € R. 

We apply this in the latter estimate to check by means of (4.53) that 

la” Neve < oo. The stated positivity i immediate. 


By (4.68) and Corollary 4.1.13 we obtain that qj" € G; for each 
V € R. Now we relate g"" with solutions of (4.64). 
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Lemma 4.1.14. For each ð € R, the map [0,79) 3 t > ge” E Go is 
continuous and continuously differentiable on (0, T9). Moreover, gk € 
Dy, see (4.25), and solves the problem in (4.64) on the time interval 


(0, T9) with gg’ as the initial condition. 


Proof. Fix an arbitrary J) € R. The stated continuity of t tH qê A 
follows by (4.75). Let us prove that qè™ be differentiable in Gy on 
(0, 7) and the following holds 


itnn) = f RAN (n UNM AE). (4.78) 
0 
For small enough 7, we have 


= (aie ah) - S RE UE) (4.79) 


= [ [> (Ri @u9 -R ug) - RUE] Aas) 


Then by (1.32) we get 


LESTO f (+ en)" [E (REX) = REN) — REN] Alan), 


To 


that proves (4.78), cf. (4.77). The continuity of t € gj” follows by 
(4.78) and the fact that R” = $%(t)R}’, which also yields that 


N= | (RA) UDA, (4.80) 


where LÌ% is the trace of L'” (the generator of SZ) in Rys with « = 
log(1 + e?). By (4.25) it follows that U,(n) < C-e®"l holding for 
arbitrary € > 0 and the corresponding C. > 0. For each t < Tk = Tọ, 
one can pick K’ > «K such that RAY € Rw. For these t and x’, we 
thus pick £ > 0 such that 1 + e’*+* = e", and then obtain, cf. (1.30), 


[Yea lo SCoPE Me w (4.81) 


Hence, qê N € Dy for this t. Let us now prove that q N solves (4.64). 
In view of (4.80), (4.3) and (4.81), to this end it is enough to prove 
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that 
(1) oy =~ f PUDRU EAE) (4.82) 


+ f f o x) + E%( (x,n U E) RA N(nUEUa)A(dE)dx 


z F pD b(x|y1, y2) x 


© Y1ENUE yrenlé\yr 
x RE” (UEU g \ {yn yo}) (dé) dex 
holding point-wise in 7 € Ip. By (2.15) and (2.2) we get 


U(n UE) = (6)+2S > Soa(z-y (4.83) 


LEN LEE 


Let Jı(ņ) denote the first summand in the right-hand side of (4.82). 
By (1.32) and (4.83) we then write it as follows 


h(n) = -w —2 f E*(an)qy’(nUax)de (4.84) 


2 | TERAN (n U EJA(dE). 


To calculate the latter summand in (4.84) we again use (2.15) and 
(1.32) to obtain the following: 


| (Ere )) Re" ques (dé) (4.85) 


TEE 


x m(x) RAN (n U £U x)A(dê)dz 
To J R4 


= f mle) Jan ( (nUa)d 


LEE“ ale —y pesa (dé) (4.86) 


reg ycl\x 


ae a(x — y) Re" (n U EU {a, y})A(dé)dardy 


Hf is a(x — y)ae (n U {a, y})-dedy 
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1 (ox) RAN UE)A(AE) = (6) i GS (qUa)de. (487) 


TEE 


In a similar way, we get the second J (resp. the third I3) summands 
of the right-hand side of (4.82) as follows 


in) = f (mE +E (quaide (488) 


J | aCe = abn {0} ody. 
Ra Pa 


bi) = | E E Kelyan Ue {u yds (489) 


Y1 EN y2EN\y1 


+2 f ` blælyiyz)q "(n Ux \ y1 )drdyz 
R 


d)2 
) yen 


+0) fad quae 


Now we plug (4.85), (4.86) and (4.87) into (4.84), and then use 
it together with (4.88) and (4.89) in the right-hand side of (4.82) to 
get its equality with the left-hand side, see (2.20). This completes the 
proof. 


Corollary 4.1.15. Let a, > —logw and az > a, be chosen. Then 
kiN — Qe (tN has the property 


Qa] 


(G, ke”) > 0, (4.90) 
holding for all G € BE (Vo) and t < T(ag,a1). 


Proof. The proof of (4.90) will be done by showing that ki“ = qA”, 
for t < T(a2,a,) and then by employing (4.76), which holds for all 
t>0. 

By Corollary 4.1.13 it follows that a E Usa, and hence up = 
Ugo (t)q is a unique solution of (4.59), see Proposition 4.1.8. By 


Lemma 4.1.14 q^ solves (4.64) in on [0, 79), which by Corollary 4.1.11 
yields u, = ae for t < min{T9;T(a2,a1)}. If T9 < T(a2,a1, we can 
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continue që N beyond ty by means of the following arguments. Since 
u = Gi lies in Usa, for all t < min{r»;T(a2,a1)} by (4.68) this 
yields that qê N lies in the initial space Gy and hence can further by 
continued. This yields that u, = q” for all t < T(az, a1). Now we 
make use of (4.60) and obtain that gj” = u, = ki”, that completes 
the proof. 


Taking the limits. The aim of this part is to prove that (4.90) holds 
when the approximation is removed. Recall that kj” in (4.90) depends 
ono > 0, A and N. We first take the limits A > R! and N > +o0. 
Below, by an exhausting sequence {A,,}ncw we mean a sequence of 
compact A, such that: (a) A, C An41 for all n; (b) for each x € R4, 
there exits n such that x € Ap. 


Proposition 4.1.16. Let a; > —logw and ag > a, be fired and 
ko E€ Ka, be the correlation function of the initial state uo E€ Pexp(T) 
the local density of which was used in (4.71). For these œi, a2 and 
t < T(a2,a1), let QZ a (t) be the same as in (4.70). Then, for each 
G € Bys(To) and any t < T(a2, a1), the following holds 
A : An, Nı — oO 

lim lim (G, kh") = (G, Qaea (t)ko), 
for arbitrary exhausting {An}new and increasing {Ni }ien sequences of 
sets and positive integers, respectively. 


The proof of this statement can be performed by the literal repeti- 
tion of the proof given in Appendix of [11]. 

Recall that, for ag > a1, T (a2, a1) was defined in (2.27). For these 
a, and a» we set 


1 2 2 1 
a= 702 + rae a’ = 302 + ra (4.91) 
Clearly, 
1 
T(QQ, 01) := zT (22,01) < min{T (az, a’); T (a, a4)}. (4.92) 


Lemma 4.1.17. Let œi, a2 and ko be as in Proposition 4.1.16, and 
let k; be the solution of (2.26). Then for each G € B»s(To) and t € 
10, T(a@2, a1)], the following holds 

(G, Qoa (t)ko) = (G, ki) (4.93) 


lim 
o—>0t 


TT 


Proof. We recall that the solution of (1.36)is in the form ky = Qaza (t)ko 
with Qasa; (t) given in (4.47) and t < T (a2, a1), see Lemma 2.3.3. For 
a and a’ as in (4.92) and t < T(&2,@1), write 


Qazar (t)ko = Qai (t)ko + Y(t, o) a T(t, o), (4.94) 


Tito) = f Qatt = 8) [(ABorn = (AB*)or0] QZa (8) hod 
Tto) = f Quwlt- 8) [BPa — (B wa] Qa, (kods, 


Recall that the norms of the bounded operators (AD)ara. (BS)aa; 
(AD Jara, (BS)va can be estimated as in (4.34). The validity of 
(4.94) can be checked by taking the t-derivatives from both sides and 
then by using e.g., (4.40). For G as in (4.93), we then have 


(G, Qaza (t)ko) — KG, Qasa: (t)ko) = (G, Tilt, o))) + KG, vee 
95 
By (4.50) and (4.94) it follows that 


(G, Tilt, o)) 


J (G, Qasar(t — 8) [(42)wa — (AS) ara] QZa, (8) ko) ds 


= f (Hult 96d = [(Grortds, (4.96) 
where 
E = [Awa —(AB)are] BY (4.97) 
= [ADera— (AS)ara] Qn (8)ho € Kar 
and 


Gis = Ho'o (t E s)G E Ga’, (4.98) 


since obviously G € Gy,. We apply (2.20) in (4.97) and transform 
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(4.96) into the following expression 


[Neues = [ean E E Kaur) 


YLEN y2EN\Y1 


enc vde) A(dn) (4.99) 


n TA Gi-s(1 U {y1, yo} RS (n U x) 


EEA A y)dedydyz) A(dn) 


Since k7 = Q?.,,(s)ko is in Ka we have that 


T (a, a1) ||Kollas 
T(a, a1) — T(a@2, a1)’ 


lk5 (9 U2)| < [kz S estate (4.100) 


where a is as in (4.91) and s < t < T(a2, a1). Now for s < t, we set 


gs(Y1; Y2) = f eMG.(nU {y1, y2} A(dn). (4.101) 
To 
Let us show that g, € L'((IR)’). By (4.98) we have 
| 9s(Y1, Y2)dyıdy2 (4.102) 
(R4)? 


=e | Ilil- 1e -MGs A(dn) 
To 


4 —2a—2 
eer ity 
(aa 
r 4e7?—?T (ao, a’) |G |as 
~ (æ! — a)?|T (a2, a’) — T(a2, @1)] 
Turn now to (4.99). By means of item (iv) of Assumption 1 and by 
(4.100) and (4.101) we get 


f KGs 0%)lds < B*C(as,01)|lKollex 
0 


x / Loo. 9s(¥1, Y2) [L — bo(Y1)bo(Yy2)] dsdyıdy2, 
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where we have taken into account that a and a’ are expressed through 
a2 and ay, see (4.91). Then the function under the latter integral is 
bounded from above by g,(y1,y2) which by (4.102) is integrable on 
(0, t] x (R®)?. Since this function converges point-wise to 0 as o > OF, 
by Lebesgue’s dominated convergence theorem we get that 


(G, Tilt, c))) 3 0, as o + OT. 


The proof that the second summand in the right-hand side of (4.95) 
vanishes in the limit ø > 0* is pretty analogous. 


Proof of Lemma 2.8.4. By (1.44) and Proposition 1.2.5 we have 
that each ko € K%, is the correlation function of some po € Pally): 
By (2.20) we readily conclude that 


kl) = (LA)(@) =0. 


Hence, k;(@) = ko(@) = 1. At the same time, for t < T(a2,a1) given 
in (4.92), we have that 


(G, kð = lim lim lim KG, ke ™Y, 


ao—=—0t n>+00 l—+2 


that follows by Lemma 4.1.17 and Proposition 4.1.16. Then (G, k} > 
0 by (4.90) which completes the proof. 


4.1.7 Proofs of Theorem 2.3.5 and Corollary 2.3.6 


The main peculiarity of the solution obtained in Lemma 2.3.3 is that 
it resides in an ascending scale of Banach spaces and, in general, may 
abandon these spaces in finite time. Indeed, for a fixed a; > —logw, 
see, e.g., Lemma 2.3.4, the time bound T(a, a) defined in (2.27) is a 
bounded function of a > a,. To overcome this difficulty we compare 
ką with some auxiliary functions. 


Lemma 4.1.18. Let a2, a; and T(a2,a1) be as in Lemma 2.3.4. Then 
for each t € [0,T(a@2,a1)| and arbitrary ko E€ Kx. , the following holds 


Q1? 


0< (Qaar (t; B$ )ko)(n) < (Qazar (t; B$ )ko) (n), ne Po. (4.103) 
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Proof. The left-hand side inequality follows by Lemma 2.3.4 and (1.45). 
By the second line in (4.41) we conclude that w, = Qazo: (t; BS,)ko is 
the unique solution of the equation 


tin = ((AD)as + (Bo, )as) Wes wrlt-0 = ko, 


on the time interval [0, T(a2,a1; BS,)) D [0, T (az, a1; BD)) since 

T (a2, 01; BA) < T(a2, a1; B$). Then we have that w — ki € Ka, for 
all t < T(a@2, a1). Now we choose a’, a € [a1, œo] according to (4.91) so 
that (4.92) holds, and then write 


w= ke = (Qara (ts Bao) ko) 0) — (Qaza (t; BS )ko)(n) (4.104) 


t 
f Qaza (t — 8; BS, )(—B P )vaksds, t < T(Q2,Q1), 
0 


where the operator (—B})a/a is positive with respect to the cone Kt 
defined in (1.45). In the integral in (4.104), for all s € [0, 7(a2, a1)], we 
have that k, € Ka and Qos (t — 8; BS,) E€ L(Ka, Kaz) is positive. We 
also have that ks € K* C Kt (by Lemma 2.3.4). Therefore w, — k, € 
Kt, for t < r(a2, a1), which yields (4.103). 


The next step is to compare ką with 


ri(n) = [lKolla, exp ((aa + cf) In|) , (4.105) 


where qı is as in Lemma 4.1.18 and 


c=(b)+u-—m,, m, = inf m(x). (4.106) 


xeER¢ 


Let us show that r; E€ Ka for t < T(a2, a1), where a is given in (4.91). 
In view of (1.42), this is the case if the following holds 


1 2 
ay + cT(a2,a1) < 302 + rae (4.107) 


which amounts to c < (b) + v + (aje™, see (4.92) and (2.27). The 
latter obviously holds by (4.106). 


Lemma 4.1.19. Let ay, a2 and ky = Qaza ko be as in Lemma 4.1.18, 
and r, be as in (4.105) and (4.106). Then k(n) < ri(n) for allt < 
T(a2,01) and n € To. 
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Proof. The idea is to show that w:(7) < r:(7) and then apply the 
estimate obtained in Lemma 4.1.18. Set Ù; = Qazo: (t; BA )ro. Since 
ko E€ Ka, we have that kg < ro. Then by the positivity discussed in 
Remark 4.1.5 we obtain w; < ù, and hence ki < w, holding for all 
t < T(a2,a1). Thus, it remains to prove that w;(7) < r;:(7). To this 
end we write, cf. (4.104), 


t 
0 


where a’ and a are as in (4.91) and the bounded operator Dwa acts 
as follows: D = AD + BS, — Ja, where (Je,k)(n) = ciln|k(n). The 
validity of (4.108) can be established by taking the t-derivative of both 
sides and then taking into account (4.105) and (4.41). Note that r, 
in (4.108) lies in Xa, as it was shown above. By means of (2.20) the 
action of D on r, can be calculated explicitly yielding 


(Dri) (n) (4.109) 
=- warn) + | E E nUe nhel yd 


YLEN y2EN\M 


tomet) +2 f Sorular \ lelu vadedu = ln) 
R4&)2 


y1en 
= (—-M (n) — E° (n) — ()|n| + eB") + 2(8)|n| — eal) re(n). 
Since a, > —logw, by Proposition 2.1.2 we have that 
SE) eo ES Ul), 


by which we obtain from (4.109) the following estimate (Dr;)(7) < 0. 
We apply this in (4.108) and obtain w, < r, which completes the 
proof. 


Remark 4.1.20. By (4.106) we obtain that c < 0 (and hence ki E Ka) 
whenever 

M, > (b) +v. 
In the short dispersal case, see Remark 2.1.1, one can take v = 0. In 
the long dispersal case, by Proposition 2.1.3 one can make v as small as 
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one wants by taking small enough w and hence big enough a;. Then, 
the evolution of k, leaves the initial space invariant if the following 
holds 

M, > (b). (4.110) 


In the short dispersal case, one can allow equality in (4.110). 


Continuation. The choice of the initial space should satisfy the 
condition a; > —logw. At the same time, the parameter az > a, 
can be taken arbitrarily. In view of the dependence of T(a2, a1) 
on Qg, see (2.27), the function ag ++ T(a2,a1) attains maximum at 
Q2 = a, + 6(a,), where 


sla) =1+W (Fee) (4.111) 


Here W is Lambert’s function, see [19]. Then we have 


(Pee orp = max T(Q2, a1) = exp (—a1 — 6(a1)) /(a). (4.112) 
Proof of Theorem 2.3.5. Fix v and then find small w (see Proposition 
2.1.3) such that the inequality in Proposition 2.1.2 holds true. There- 
after takes ag > —logw such that kuo E Kao. Then take c as given in 
(4.106) with this v. Next, set Tı = Tinax(ao)/3, see (4.112), and also 
aï = ao + cT, a, = ao + d(ao), see (4.111). Clearly, a} < a, that 
can be checked similarly as in (4.107). By Lemma 2.3.4 it follows that, 
for t < Ti, kt = Qarao(t)Kyo lies in K%,, whereas by Lemma 4.1.19 
we have that k; E€ K%, with a, = ao + ct < aj. Clearly, for T < T, 
the map [0, T) 3 t + ky E€ Kar is continuous and continuously dif- 
ferentiable, and both claims (i) and (j) are satisfied (by construction) 
ke = LA ky = LÂ ki, see (2.25). Now for n > 2, we set 


Ta = Tnaklaž)/3, Os Sa a el. (4.113) 


A = a, ,+9d(a;_,). 


As for n = 1, we have that až < a, and T, < T(an,a*_,) holding for 
all n > 2. Thereafter, set 


Ki”) = Ort L t € [0, T (an, 1), 
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where k® = Qorao(t)kuo- Then for each T < T, both maps [0, T) > 

th Kh E€ Kanım and [0,T) > t > E a € Kan (7) are 

continuous, where &n-1(T) := a*_, +cT. The continuity of the lat- 

ter map follows by the fact that k : Kanit) > Kan ır) and that 

n n—1 

D oma = A E T see (2.25). Moreover, kí ) — hee? 

(n) 7A 

and Le peko = Lo +e 
in question t > k is 


ie holding for each £ > 0. Then the map 


Ket 4.47.1 = k”, t € [0, Th], 


provides that the series $7, Tn is divergent. By (4.112) we have 


SS iw X exp (—a%_, — d(a%_)). (4.114) 


n>1 n>1 


For the convergence of the series in the right-hand side it is necessary 
that a*_,+6(a*_,) — +00, and hence a*_, — +00 as n — +00, since 
d(a@) is decreasing. By (4.113) we have až = ag +c(T, +---4+ Th). 
Then the convergence of „>; Zn would imply that až < a* for some 
number a* > 0 that contradicts the convergence of the right-hand side 
of (4.114). 


Proof of Corollary 2.3.6. For a compact A, let us show that ps € D, 
that is, Ry € DÌ, see (4.4). For ky = ku described in Theorem 2.3.5, 
by (1.26) we have 


RA (n) = | (—1) y(n U EACE). 


Let a > apo be such that k, E€ Ka. Then using (1.42), (1.22), (2.15) 
and (1.30) we calculate 


f W(n) RA (A(n) 
5 f V(r) | (—1)lhy(m UE)A(dE)A(dn) 


< | T(n)likllae Alan) f etl \ (dg) 
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Sl lla(m* + a* + (b)) | |n|?e*"A(dn) exp(|Ale*) 


Ta 


=|lKlla(m* + a* + (b))|Ale*(2 + |Ale*) exp(2|Ale*), 


where |A] is the Euclidean volume of A. That yields uA € D. The 
vality of (2.28) follows by (1.24). 


4.1.8 Proof of Theorem 2.4.2 


We rescale the interaction in (1.36), see (2.20), by multiplying a by € 
and obtain the evolution equation as (1.36) with Lê replaced by 


(LAk)(n) = —k(n) $ (m(x) + E° (z,n \ 2)) 


LEN 
— k(n) a b(zly1, y2)dyıdy2 
coy) (Re)? 


+ fee) unhe yde 


Y1EN y2EN\y1 


= i cE*(y, n)k(n U y)dy 


+2 f XC k(n Ux \ yi )b(æly, yo) dyede. 
(R¢)? 


yen 


Note that € = 1 corresponds to the initial microscopic system and by 
taking £ — 0 we obtain the mesoscopic description of the system. Now 
we introduce the rescaled correlation functions 


Eal = eke” (n), 
which is the solution of the following Cauchy problem 


d 
ak = Te ea: ae J ko. 


‘Operator’ LA”®”® is obtained from LS by the formula 


(Lo venk)(n) = "ILA (e k(n), 


e,ren 
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and hence, it has the form 


(Lo venk)(n) = —k(n) X (m(x) + cE (x, \ 2)) 


ren 


moe |. b(x|y1, Y2 \dyidy2 


ren 


4 ell D J eTe \elk(n U x \ y1 \ yo)b(xlyr, y2)dz 


d 
R Y1EN y2EN\y1 


— e"l f eE (y, ne "k(n U y)dy 
R4 


+ 2b / Soe mle (ny Ua \ yr)b(elys, yo)dyode 
R¢)2 


y1En 
After direct calculation we obtain 


(Lovenk)(n) = —k(n) X (m(x) + eE (a, \ x) + (b)) 


ren 


D >D k(n U x \ yr \ y2)b(xl|y1, y2)dx 


YLEN y2EN\y1 


= n E- (y,n)k(ņn U y)dy 


Ra 


+ 2 | ` k(n U x \ y)b(alyi, y2)dyzdzx. 
R4)2 


y1en 
Note that Ds has the following structure 


LÊ n =V dee, 


€,ren 


where 


(Vk)() = —k(n) >) (m(a) + (b)) 


xEN 


= f E- (y, mk(n U y)dy 


+2 |, ŞT k(n Uae \ yi )blelyn vo) dood, 
R4)2 


yen 
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(Ck)(n) = —k(n) $ E~ (z,n \ 2) 


ren 


T f. 3 S k(n U x \ yr \ yo)b(xlyr, yo)da. 


Y1EN y2EN\y1 
For £ — 0 we consider problem 


d 
At = Vri, ril=0 = To- (4.115) 


The main property of the evolution ro +> r: is preserving chaos’. That 
is, if ro is the correlation function of the Poisson measure To, 1.€. 


roln) = [[ 20(2), 


xEN 


then, for all t > 0 for which we can solve (4.115), the solution of (4.115) 


has the form 
re(n) = [J e). 


gen 
Then o; is a solution of a kinetic equation. 
Now let us consider equation (1.36) as an infinite chain of linked equa- 


tion in term of the components Km, The first three evolution equations 
have the forms 


d 0 = 
T0 = 0 
GAM) = APEM) 0) — f ale- KPC, vey 


2 f | k” (y)b(yle, y2)dyzdy. 
R4)2 


By set k” (x,y) = Ke (x) ki (y), we obtain 


SRP) = P (Gna) + (0) = fale- aay) 


+2 f P A (4.116) 
(R4)2 
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In view of (4.116), we yield that the kinetic equation has the form 


$ oala) = —o(x) (ma +) ~ f ae-yawa) 


+2 J 7 or(y)b(yla, Yo) dyady. 
Let B be either £ or a. For both choice of B let set 
Boe) = f Ble—setw)dy. 
Then 
2 f, Olole y)dudy = aa) + (b+ aCe) 


which give us problem (2.29). 
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4.2 Proofs regarding the free-branching 
model 


4.2.1 Proof of Proposition 3.2.1 


We begin by showing that K : C3 (o) ad C3 (o) for each T > 0. Clearly, 
x (Ko)i(x) is continuous and (K)o = ¢ whenever y € C3 (¢). The 
continuity of t > ®y, follows by the estimate, see (3.4), 


[[e:@) - [Leu 


yes yes 


(Ege) — (Ep) < i 


0 


Sa CG) =i) i E eee nen ONE ONC 
yEX To yEX 
(4.117) 


This also yields the continuity of t > (Kọ). In obtaining (4.117) we 
have used the following evident estimate 


laaz: +- an — bybg+++bp| < n max |a; — bil, ai, b; € [0, 1]. 
Furthermore, 
0 < (Ky),(x) < d(xz)e* + (1 —e™) =1-(1-¢(2))e* < 1 


which yields 
1 — (Ko)i(£) > e™0(x) > e*cgpl(e) = ca (t) (2), (4.118) 


and hence the validity of the lower estimate as in (3.6). To get the 
upper bound, we write, see (3.2) and (3.4), 


(Boe) = BASE flan) Ady dw) 


IV 


b, (T°) = 6(z) > 1 — W(x), 


where we used also item (iii) of Assumptions 2. By means of this 
estimate applied in (3.11) we then get 


(Kehle) zoa + (1 — eile) 
> (1—¥(2)) + e*(o(z) — 6(x)) > 1- ¥(2), 
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as @ € Cy(X). Thus, K : C3 (¢) > C3 (¢). Let us show that it is a 
contraction. To this end, similarly as in (4.117) we obtain, see also 
(3.10), 

Ky — KQ|lr <n.(1 —e*) |v - Slr, 


holding for each y,~ € CI (ġ). Then the proof follows by Banach’s 
contraction principle. 


4.2.2 Proof of Lemma 3.2.2 


We begin by fixing T > 0 such that the contraction condition n,(1 — 
eT) < 1 is satisfied. Then integrating in (3.12) we arrive at the 
following integral equation 


plx) = b(x)e* +f e *-9)(6¢,)(ax)ds, (4.119) 


the set of solutions of which on [0,7] coincides with the set of fixed 
points of K : C7(¢) > CT(¢) established in Proposition 3.2.1. The 
continuous differentiability of t + ¢, € Ch(X) follows by continuity 
s+» 6y,, which in turn follows by (4.117). Thus, each solution of 
(4.119) solves also (3.12), which yields the existence of the solution in 
question on the time interval [0,7]. For ną < 1, the contraction con- 
dition is satisfied with any T > 0; hence, the aforementioned solution 
is global in time. For n, > 1, we proceed as follows. For tı + to < T, 
we rewrite (4.119) as follows 


bnan(t) =e (soe +f -9(6,)(v)ds) (4.120) 


0 


t1+t2 
-+ | e 2441-8) (@d.)(x)ds 


ty 


= hn (£)e™” + | 


0 


t2 


e~) (Dhi +s)(x)ds 


Since the contraction condition is independent of the initial condition 
in (3.12), by (4.120) one can continue the solution obtained above to 
any t > 0. Indeed, let ¢; be the solution on [0, T]. Let also ø} € C3 (¢*) 
be the solution of (3.12) on the same [0,7] with the initial condition 
ol := ¢r/2. By the uniqueness established in Lemma 3.2.2 it follows 
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that these two solutions satisfy dr47/2 = ¢; for t € [0, 7/2]. Hence, the 
function ¢¢ljo,rjq(t) + $¢_r/ollirj2ar/q(t) = ddor (t) + b¢-rlirary(t) 
is the unique solution of (4.119) (hence of (3.12)) on [0,37/2]. The 
further continuation goes in analogous way. 

For ną < 1, we define 3, = e*||1 — ¢,|| = e° sup,ex(1 — ¢5(z)). 
Similarly as in (4.117), Then by (4.119) we then get 


t 
DO, < Vo + n f Vds. 
0 


which by Gronwall’s inequality yields, 
I|1 — bell < 11 — golle 0, 


that yields the convergence in question. Note that œ does not belong 
to Cy(X) as it fails to obey the upper bound ¢(x) < 1 — cgw(x) with 
Ce > 0, see (3.6). However, it belongs to the closure of this set, and is 
a stationary solution of (3.12). 


4.2.3 Proof of Lemma 3.2.4 
Now by (3.12) we have 


lPrru(e) — b:(2)| < a \Pr48() — (Pois) (x)|ds (4.121) 


= f Oes) = = (Dor) (0ds < 26 (0) 
0 
where we have used (3.13) and (3.8). To prove (b), we denote 


h(a) = max{g+u(r)Y(2); g(x) v(x), 
h(x) = min{giru(r)b(x); g(x)y(x)}. 


Then, cf. (1.13), 


loiult) — lT) e-+ (e) ore si 


IV 


e™ gula) — g(x) |P(2) 
max{dr+u(X); Or(X) fl Geru(x) — ge(x)|¥(2), 


IV 
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which yields case (b) of (3.14) by (4.121) and (3.7). Next, similarly as 


in (4.117) we get 
f as Buas on) be (dé) 


yes 


(Piu) (£) — (@¢:)(@)| 


IA 


< 2u f vw w(y) BY (dy) < 2unym(z), 


where we used (4.121), (3.2) and (3.5), see also item (i) of Assumption 
2. 


4.2.4 Proof of Proposition 3.2.5 
By (3.1), and then by (3.7), (3.8) and (3.6), we have 


ILEI < FE F%(y\ 2) (84) - 6(2)] (4.122) 
< (F*(7)/6.) Y (i E + [1 s) ) 


a E a a /(€5,cg) < 2/(e5.cg), 


where W is as in (1.5). To get the latter two estimates in (4.122), we 
proceeded as follows. The first one is obtained with the help of the 
estimate a < e®', a >0. Afterwards, we did 


F*(y) exp(cs¥(7)) = [0 -0e < [0 -csv(a) er <1, 


rey TEY 


see (3.6), which was used in the final step. The continuity of the map 
7+ LF?(y) follows by the very definition of the topology of T”. 


4.2.5 Proof of Lemma 3.2.6 
We fix t and u and then define 


= X gs(x)W(2), H+ (7) = max{ Heru (Y); Hily) }, 


LEY 


H (y) = min{ Hi4u(y); Hely) } 
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Then 


Fre) Gace a-r Oo - : 


< max{ F4 (y); F” (y)} DR \Ge+u(%) — g(x 


TEY 
< FU) TIO -et + wwe) 
Z 2u 
E e64Cg(t + u) zes 


< Zue" 


E ae 


which completes the proof, see (3.14), (3.13) and (4.122). 


4.2.6 Proof of Lemma 3.2.7 


As in (4.122), for fixed t and u we have 


|(LEe) (7) — (LF*)(7)| < Ki(y) + Ko(7) + Ka), 


= S| Fee \s) — F” (y \ x)| (Pou) (2) 
= $0 F” (y \ £) (Boiu) (x) — (A) (2), 
= YE F*(y\ 2) lerla) = 6x2). 


By (3.8) and (4.118) we have 


1 1 1 


< 


T— eat + ula) 1- tla) = 1-0) 


(4.123) 


x)|(2) 


ut — colt + u)y(z) eer 


(4.124) 


— dttu(x)|, 
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Then proceeding as in obtaining the second inequality in (4.123), we 
arrive at 


eee \2) = FOND < EH \ 2) TT colt + Ho) 


yey\z 


< Eoo) JJa - cst + uhle) (4.125) 


YEY 


Next, by (3.7) and (3.8) we have 
(pitu) (2) — Peru(%)| < [1 — (Dhia) (T) +L- diru(x)| < 24(2). 
We use the latter estimate and (4.125) to obtain 


4u 
Ki(y) s FPA- colt + uya) (4.126) 
s yey 
$ 16u Il (1 = colt re u)d(z)) eco (t+u)y(x) 
(e6,cg(t + u)) TS 
< lou e2ttu), 
~ (eðsco)? 
By (3.14) we have 
Kə(7) < =F ODD Pdi+u)(x) — (o) (x)| (4.127) 
“rey 
2un.M 2un.M 
< SU (y) FM (y) < et. 
Sa ee aa 
Similarly, 
K3(7) ae (>> lOria(x) — Ql) < a e. (4.128) 
Ogg 


LEY 


Now we use (4.126), (4.127), (4.128) in (4.124), and thus obtain (3.17) 
with 
2u(nım+1) 16u 


C = T 5 
eðxCo (€6,.c4)? 


which completes the proof. 
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4.2.7 Proof of Lemma 3.2.10 


The proof of the stated inclusion will be done by showing that each 
F?, ¢ € Cy(X), can be obtained as an ||- ||z-limit of the elements of 
D°(L). Namely, we are going to show that 


AF SY — Fê] 20, as A +00. (4.129) 
To this end, with the help of the first equality in (3.20) we write 


f ~ [(LF%)(q) — (LF®)(q)] eat 
(4.130) 


A LFS)(7) - (LF*)(y)| = 


< f NEFA) - (EFO) tds, €= 1). 


Now we use here (3.17) with t = 0, u = es and obtain for e < 1/2 the 
following estimate 


E€ 


+00 
LHS(4.130) < Co | se 80-29) dg = zC > 0, ase—> 0. 
0 


(1 — 26) 
(4.131) 
Next, by (3.20) — and then by (3.16) — we get 
+00 
IAF — F?|| = LF <f || LF* edt (4.132) 
0 


+oo 
< 2 | e  A-Dt dt = os 2 
~ €64€4 Jo A= 1 (ecoj 


where we have used the fact that cy, = cg(t) = cge~*, see (4.118). Now 
(4.129) readily follows by (4.131) and (4.132). The second part of the 
statement follows by Remark 3.2.8. 


4.2.8 Proof of Corollary 3.2.11 


The stated closedness follows by (3.23), whereas the density of D(L) is 
a consequence of Lemma 3.2.10 and (3.18). For ¢ € Cy(X) and A > 0, 
define 


+00 
Ry Ft = F$ = i Fee dt, 
0 
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see (3.19). Then 

|RaF?|| < 1/A, (4.133) 
which allows one to continue R, to all F € E(I™) since E°(I%) is 
dense therein. At the same time, by (3.20) it follows that 


(A — L)R F? = F?, 


which can be continued to all F € E(T*¥). Thus, Ry is the resol- 
vent of L, whose norm can be estimated by means of (4.133). The 
property Ry : E(T*) — D(L) can be proved by taking a Cauchy 
sequence {Fr} en C E°(I%), and then showing that the sequence 
{A — L) F?"}new C D°(L) is a Cauchy sequence in ||- ||z. This can be 
done similarly as in the proof of Lemma 3.2.10. 


4.2.9 Proof of Theorem 3.3.1 


Corollary 3.2.11 and (4.133) allows one to apply here the celebrated 
Hille-Yosida theorem, see [3, page 134], by which it follows that (L, D(L)) 
is the generator of a Co-semigroup, say S = {5(t)}is0, of bounded 
linear operators on E(I™) such that the operator norm of each S(t) 
satisfies ||S(t)|| < 1. Then the existence of the solution in question in 
the form F; = S(t)Fo is a standard fact, see [3, Theorem 3.1.12, page 
115]. If Fy belongs to the core of D(L), i.e., Fy € D°(L), see (3.21), the 
solution can be obtained in an explicit form. In this case, in view of 
the linearity of S(t), we take Fy = FÊ for some À > 1 and ¢ € Cy(X). 
Then the solution is 


+00 
F, = S(t)Fy = S(t) Fe = F* = FA = f Fetse— ds (4.134) 
0 


see Remark 3.2.3. That is, for Fo in the core of D(L), the action of 
S on Fo is obtained by applying the semigroup of nonlinear operators 
acting in the space of continuous functions defined on the basic space 
X. Then, in the subcritical case, the stated convergence follows by the 
concluding statement of Lemma 3.2.2. 


4.2.10 Proofs of Proposition 3.3.5 and Lemma 3.3.4 
Proof of Proposition 8.3.5. First, we rewrite (1.34) in the form 


t2 
ehh) = ha (F) +f us( LE )ds, 0 <t <t. (4.135) 
tı 
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For F = F*, @ € Cy(X), A > 1, see (3.21), by (3.15), and then by 
(3.19) and (3.20), we have ||LF%|| < 2. Then by (4.135) we get 


aat E — we (FR)| < 2lte — ti]. 
For F =>, a, Fe" € D°(L), this yields 


[en (F) — ma (F)| < 2 (= on! [t2 = ta. 


Now for F = F?, ¢ € Cy(X), by (3.16) we have 


2 
C04C¢ 


[es (FÊ) — m (F°) 


< aaa 

The extension of the latter to the linear combinations of F% can be 
done similarly as above. 
Proof of Lemma 3.3.4. By Remark 3.2.8 we know that E°(I™) is bp- 
dense in B,([”). Then the measurability of t œ p,(F), F € BaT” 
follows by the continuity (hence, measurability) just proved. 


SS 


4.2.11 Proof of Theorem 3.3.3 


In view of Lemma 3.3.4, it remains to establish the existence and 
uniqueness of solutions of (1.34) with F € D(L). First we prove ex- 
istence. For F € D(L) and t > 0, we have F, = S(t)F, see (4.134). 
Then we set 


(F) = u(F;) =H(SQ)F), we PTY). 
This, in particular, means us(F;) = s44(F'), and also 
w( FR) = n(FE), pe (F*) = w(F*), (4.136) 


holding for all A > 1 and ¢ € Cy(X), see also (3.24). To prove that 
t ++ py solves (4.135), we take F = FÊ € D°(L), and then get by (3.20) 
the following 


t2 t2 t2 
f ndcrias = -f nlreyds+ fn (ards (4137) 
ty t 


tı 


t2 t2 +00 
= — f us(F%)ds 4 | he us (F*)dsdt, 
1 0 


ty t 
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where we used also Fubini’s theorem. Then by (4.136) and the flow 
property we get us(F*) = us4( F°) and then use this in the second 
summand (name it Y) of the last line of (4.137), then integrate by 
parts and obtain 


t2 t2 d +00 
freasa f (S usea) as 
ty ty S 0 
t2 t2 d +oo 
= f lus(F’)ds +f ae (| euala) ds 
ti t aS 0 


to t2 d 
= | p(F°)ds+ | — ps Fy )ds 
u ds 


tı 


Y 


t2 

= f wlP%)ds + pa (F$) = pa (PÈ) 
tı 

Now we plug this in (4.137) and get that property of t œ> pu(F), 

F € D°(L), solves (4.135). For F € D(L), let {Fa}nen C D°(L) be 

such that |F — Fall > 0 as n —> +00. Then 


MEAG f ” (EP \da| Lm E OR] 


tı 


t2 
$ J HOr- LF,)|ds < entr — Fallen 


ty 


which yields that t +> u(F), F € D(L) also solves (4.135). 

Assume now that t +> fi, is another solution of (1.34), and hence 
of (4.135), satisfying Atl=0 = u. By Proposition 3.3.5 the map t > 
(F), F € D°(L) is Lipschitz-continuous. Then, for each A > 1 and 
o € Cy(X), we have 


dji,(FY) = jis(LFY)ds, 


holding for Lebesgue-almost all s > 0. Then 
t t 
-à f eiF ds = f BPP de 
0 0 


t 
=i F$)e™ — fol FS) — fea LEY)ds 
0 
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$ 
Siul FRE — fol FS) -A fe ACES) ds 
0 


t 
+ | e 8 ji,(F?%)ds. 
0 


This yields 
t 
WES) = fol FR) = aR + fe RLF? )ds, ued: 
0 


which after passing to the limit t + +00 leads to 


+00 
u(Fe) = | ei1,.(F?)\ds, (4.138) 
0 


that holds for all A > 1. By the very definition in (4.136) the map 
t + 44(F%) is continuous; the continuity of t => (F°) was estab- 
lished in Proposition 3.3.5. Both maps are bounded. By (3.19) and 
(4.136), and then by (4.138), the Laplace transforms of both these 
maps coincide. Therefore, by Lerch’s theorem j4(F%) = j%(F%) for 
allt > 0 and @ € C,(X). As mentioned above, see Proposition 
1.1.7, the class of functions {F° : 6 € Cy(X)} is separating, that 
means [ly = fi, t > 0 and hence the stated uniqueness. The proof 
the weak convergence u = ps follows by (4.136) and the fact that 
{F° : ¢ € Cy(X)} is also convergence determining, see again Proposi- 
tion 1.1.7. It remains to prove that z= Hæ as t 4 +00. Since the set 
{F® : $ € Cy(X)} is convergence determining, to this end it is enough 
to show that p,(F%) > o(F%) = 1, holding for all ¢ € Cy(X). By 
(4.136) and the concluding statement of Theorem 2.3.5 we have 
lim po(F*) = lim u(F*) = pF) = 1, 


t>+00 t>+00 


which completes the whole proof. 
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